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CN . Abstract 

Q ' The aim of this paper is to present some properties of Choquet maximal Radon 

. probabihty measures on compact convex subsets of Hausdorff localy convex topo- 

logical real vector squares. Theorem 13.121 is the main result of the paper. While 
somewhat technical, the results here are foundational for my proof of a Stone- 
Weierstrafi theorem for non-separable C*— algebras, in the companion paper 'On 
the Stone- Weierstrafi theorem'. 



< 

; 1 Measure-theoretic properties of the Choquet 

topology 

Section 1 

> 

— I Let E be any Hausdorff locally convex topological real vector space and let K C E 

' be any (non-empty) compact convex subset. 

. Let ex K be the set of the extreme points of K. On exK various topologies have 

been considered: the facial topology (see [1], Ch. II, Section 6; [10], Ch. II, Section 
4; [14]), the Choquet topology C (see [9]; [10], Ch. II, Section 2) and the maximal 
topology M (see [24], p. 20), of which the first is the weakest and the third is the 
strongest; weaker, however, than the topology a induced on ex K by the topology 
of K. 

^ ' In [4], C.J.K. Baity considered a "parametrization" of the topologies on ex K, 

^ . for which the topologies C, M and a become particular cases, corresponding to 

special choices of the "parameter." Specifically, let A4\{K) be the set of all Radon 
probability measures on K. For any fi G M\{K), we denote by b{fi) its barycenter; 
it is determined by the equation 



h{b{n)) = / h{x)dfi{x), V/i G A{K), 
Jk 

where A{K) denotes the set of all continuous affine real functions on K. For any 
subset Ai C ^A]^{K), Baity defines a subset F C K to be Ad-extremal if it is 
universally measurable and if 

/X G A^, 6(/x) G F ^ /i(F) = 1. 

Consider now the set 

Fm {K) = {F C K; F compact and Al-extremal} 
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^MiexK) = {Fn {exK);F G Tm{K)} 

Then J-'^,vi (ex K) is the set of all closed sets for a topology on ex K, which is called 
by Baity the Al-topology (see [4], p. 502). If M consists of all Dirac measures, 
then the A^-topology is the relative topology a on ex K, induced by the topology 
of K; it is too fine for our purposes. 

If A4 consists of all discrete measures (i.e., M = Ma{K), the set of all discrete 
measures), then a compact subset F C K is Md{K)-extTema\ if, and only if, it is 
extremal, i.e., 

xi,X2 e K, txi + (1 — t)x2 G F for a t G (0, 1) =^ xi, X2 G F. 

(As immediately seen, the definition of an extremal subset F C K does not require 
any measur ability property of F.) 

If F C is compact, however, then F is extremal if, and only if, 

H G M\{K), bin) G F ^ n{F) = 1 

(see [10]). It follows that a compact set F C K is extremal if, and only if, it is 
A^^(Er)-extremal, or absorbent, in the terminology of [10]. The Al^(i<')-topology 
on ex K coincides, therefore, with the Af(i(il')-topology; it was introduced in [9] and 
called there the Choquet topology. It has many remarkable properties and it will 
play a fundamental role in the sequel. 
We shall denote 

Tc{K) = {F C K;F compact and extremal} 

and 

^c{ex K) = {Fn {ex K); F G Fc{K)} . 

Therefore, J-dex K) is the set of all C-closed subsets of ex K. 

1.1 Remark. It is easy to see that any union and any intersection of extremal subsets 
of K are extremal subsets oi K. K face of K is any convex extremal subset; hence, 
any union of faces of K is an extremal subset. Conversely, as remarked by C.J.K. 
Baity (see [3], p. 298), any extremal subset of ii' is a union of faces, which are easily 
shown to be the maximal convex subsets. It follows that any compact extremal 
subset of if is a union of compact faces (see [24], p. 2). 

Since for any compact extremal subset F C K we have that 

co(F) n (ex K) = ex cd{F) = ex F = F D {ex K), 

one can immediately infer that {ex K, C) is a quasi-compact space. Since any 
subset of ex K is extremal, it follows that {ex K;C) satisfies the (Ti) separation 
axiom; i.e., any finite subset of ex K is C-closed. 

The Choquet topology on ex K coincides with the original topology, induced by 
that of K, if, and only if, ex if is a closed subset of K (see [10], Corollary 2.5, p. 
62). 

Section 2 

For any topological space (T; r) we shall denote by B{T; r) the a-algebra of all Borel 
measurable subsets of {T;t); i.e., B{T;t) is the smallest a-algebra of subsets of T, 
containing all open (equivalently, all closed) subsets (in r). 
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By Bq{T]t) we shall denote the cr-algebra of all Baire measurable subsets of 
(T;r); i.e., Bq{T;t) is the smallest a-algebra of subsets of T, containing all closed 
Gj-subsets of T (with respect to the topology r). Of course, we have Bo(T;t) C 
B{T;t), and the equality holds if {T;t) is metrizable. 

We shall denote by Bo{ex K) the cr-algebra of subsets of ex K, given by 

Bo{ex K) = {Br\ {ex K)- B G Bq{K)} ; 
by Bi{K] C) we shall denote the cr-algebra of subsets of K, generated by 

B^{K)uFc{K), 

and by Bi{ex K;C) we shall denote the cr-algebra of subsets of ex K, given by 

Bi{ex K; C) = {B n {ex K);B e Bi{K; C)} . 
Of course, Bi{ex K; C) is the cr-algebra of subsets of ex K, generated by 

Bo{ex K)UJ'c{ex K). 
We obviously have the inclusion 

BQ{ex K; C) C B{ex K; C) C Bi{ex K; C). 

Section 3 

We shall denote by S{K) the sup-cone of all continuous convex real functions defined 
on K. The Choquet order relation < on M\{K) is defined as follows: 

f^<u^ti{f)<u{f), yfeS{K), 

for any n, u e M\{K) (see [11], [17], Ch. XI, [19], Ch. 4). 

The latticial Stone- Weierstrass Approximation Theorem implies that < is, in- 
deed, an order relation, whereas a simple compactness argument shows that {^A]^{K), < 
) is inductive. The application of the Zorn Lemma implies that for any // G M\{K) 
there exists a (<)-maximal u G M.\{K), such that jj, < v. We shall also say that 
such a G M\{K) is a Choquet maximal measure in M.\{K). 

It is easy to see that fi < v ^ n'v (i.e., h{n) = h{v)). In particular, for any 
X G there exists a (<)-maximal measure n G M.\{K), such that Ex < A*, where 
Ex is the Dirac measure at x. 

The following extension (relativization) of the Choquet-Bishop-de Leeuw Theo- 
rem was first proved in ([22], Theorem 1.3). 

1.2 Theorem. Let fi G M\{K) be any {<)-maximial measure and Ki C K any 
compact subset, such that supp ii <Z Ki. Then lJi{B) = for any B G Bq{K), such 
that B n {ex iCi) = 0. 

It immediately follows that if )U G M.\{K) is any (<)-maximal measure, then 
by the formula 

/io(S n {exK)) = fi{B),B G Bo{K), 

one correctly defines a probability measure /io on Bo{ex K). This is what we shall 
temporarily call the boundary measure associated to f^ (see [1], p. 35, for another 
definition) . 

We can consider the smallest compact extremal subset Ki C K, such that supp 
H C Ki. Then we have the following (see [22], Proposition 1.7): 
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1.3 Theorem. The set Ki n {ex K) is the smallest C -closed subset of ex K, whose 
jiQ- outer measure is equal to 1. 

We shall see below that Ki n {ex K) is, indeed, the support of the measure 
/io(which is still to be extended!). The followng was first proved in ([22], Theorem 
1.5). 

1.4 Theorem. If /J, E M.\.{K) is Choquet maximal, then 

Bo{exK;C) cBo{exK){fio). 

(For any measure A on the a-algebra ^ of subsets of a set S, we shall denote 
by X^(A) the Lebesque completion of J2 '^ith respect to A, and we shall keep the 
same notation for the canonical extension of A to ^(A)). 

Boundary mcasTircs associated to Choquet maximal Radon probability measures 
on K enjoy regularity properties, which we shall present below. 

Section 4 

The following is an extension of ([23], Theorem 1). We shall first recall that for any 
bounded function f : K ^ U. the upper- semicontinuous concave hull / : — >■ M is 
defined by 

f{x) = hii{h{x)-heA{K)J<h}- 

and that /i e M\{K) is Choquet maximal if, and only if, /i(/) = A*(/), for any 
/ € S{K); cquivalcntly, for any continuous function / : — ^ M; equivalently, again, 
for any upper semicontinuous function / : — > M (see [23] , Corollary to Proposition 
2). 

1.5 Theorem. Let {fn)neN be any sequence of Baire measurable functions fn : 
if — >■ M, n G N; and let ii G M.\{K) be any Choquet maximal measure. Then there 
exists a metrizable compact convex set Kq c ^ , an affine continuous surjection 
9 : K ^ Kq, and a sequence {gn)neN if Baire measurable functions Qn '■ Kq — >■ 

n G N, such that 

V fn = gn°d, n e N; and 

2) 0*{fx) is a Choquet maximal measure on Kq. 

Proof, a) First, it is obvious that there exists a sequence {hn)nen of functions 
hn G A{K), n G N, such that all the functions /„, n G N, be measurable with 
respect to the smallest cr-algebra ^ of subsets of K, with respect to which all the 
functions hn, n G N, are measurable. 

b) Since ^ is Choquet maximal, for any n G N, there exits a sequence {hn,m)mGN, 
hn,m € A{K), m G N, such that h"^ < hn,m, m G N, and 

fi{hl) = inf {ii{hn,o A ... A hn,m);rn G N} . 

Let To = {hn : n G N}, J^g = {hn,m'i n,m £ N}, Ti = TqU Tq, for any h G Ti we 
can find a sequence {h'^JneN, h'n ^ n €N, such that h^ < h'^, « G N, and 

(*) ^Ji{h') = ■m^{^l{h'Q^...^h'^)■men}^ 

let then T' = {h'^;h G J^i, m G N} and define ^2 = Ti U T[. By proceeding induc- 
tively, we can find an increasing sequence {J-'n)nem of countable subsets of A{K), 



4 



such that for any h ^ Fn there exists a sequence (h'^)Jn^^, h'^ G •^n+i, m G N, such 
that h-^ < m € N, and (*) should hold. 

oo 

Let then J^oo = U -^n- Then J^oo is a countable subset of A{K), such that for 

n=0 

any h G J^oo there exists a sequence (/i^)„gp}, /i^ G /"oo; h G N, such that < h'^, 
n G N, and (*) should hold again. 

Of course, any /j^, n G N, is /"oo-measurable. 

c) Let us now define the affine continuous mapping 

given by 

e{x) = {h{x))heF^, neK. 

Then 0[K) = Kq is a mctrizable compact convex set, which meets the requirements 
of the Theorem: the existence of the Baire measurable functions gn : Kq ^ M is 
ensured by the J^oo-measurability of the functions /„, n G N, whereas the fact that 
is Choquet maximal on Kq follows from the fact that 

and, therefore, 

and from ([22], Corollary 1 to Proposition 1.3) there ph ■ Kq M denotes the 
restriction to Kq of the canonical projection of M-^°°, corresponding to h e Foo- ^ 
The following was proved in ([23], Corollary to Theorem 1). 

1.6 Corollary. Let n be a maximal Radon probability measure on the compact 
convex set K, and let V G Bo{K). Then, for any e > 0, there exists a Vq E 
Bo{K) nTciK), such that Dq d D and 

tiiD)-£<t,{Do). 

Proof. Let Kq be a metrizable compact convex set and let 9 : K ^ Kq be 
a continuous affine surjection, corresponding to the function /o = xd, as in the 
preceding Theorem. Then 9{D) is Baire measurable in 9{K) = Kq and, since ^*(/x) 
is maximal on Kq, by the Theorem of Choquet for the metrizable case {ex -fC is a 
Gj-subset of Kq, which supports 9^{fj,)), we have that 

ti{D) = fi{9-\9{D))) = 94fi){9{D)) = 9,{n){9{D) n {ex Kq)). 

By Ulam's Theorem, for any s > 0, there is a compact subset C C 9{D) n {ex K), 
such that 

9^{n){9{D) n {ex K))-e< 94fi){C). 

Then the set -Dq = 9~^{C) has the requested property. □ 

The following theorem was proved by S. Telcman for the case of the pure states 
space P{A) of an arbitrary C*-algcbra, and for maximal orthogonal measures, with 
a rather complicated proof (see [23], Theorem 6). It was extended to arbitrary 
compact convex sets K, and any Choquet maximal measures on K, by C.J.K. 
Baity, with the help of a very simple and elegant proof (see [3], p. 302). 
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1.7 Theorem. For any Choquet maximal Radon probability measure /x G M\_{K), 
the formula 

= sup {m(-F); F e T{K),F n{ex K)cB^,Be Bi{ex K; C), 

extends /xq to a probability measure jli : Bi{ex K;C) — )• [0, 1], which is regular in 
the sense that 

a) ili{B) = sup l^^fii{F); F C B,F e T{ex K);C)^ B G Bi{ex K;C); and we 
have fLi{F) = jiQ^F), for any F G F{ex K;C); i.e., 

b) ili{F) = inf {/xo('B); F cB,Be Bo{ex K)^ ,F e F{ex K; C). 

We refer to the paper of Baity (see [3], p. 302) for a proof of this theorem. 

We immediately obtain the following Theorem, which extends Theorem 6 from 
[23]. 

1.8 Theorem, a) Bi{ex K-C) C B{ex K;C){jj,i); 
b) jli is T-continuous; i.e., 

Mf] = {MFa)] a G /} , 

a 

for any decreasing set {Fa)aei of C -closed subsets F^ C ex K, a E I. 

Prom now on, we shall denote by jl the restriction jli \ B{ex K; C) and we shall 
call it the boundary measure determined by "/x" . 
The following corollary strengthens Theorem 2. 

1.9 Corollary. The set Ki H {ex K) is the smallest C -closed subset of ex K, whose 
jl-measure is equal to 1. 

Proof. The existence of a smallest C-closcd subset Fi C ex K, such that 
= 1, immediately follows from Theorem 6, b). By Theorem 5, b), we have 
that = fj-oiFi) = 1- By Theorem 2, we have that Fi = Ki n {ex K). □ 

Section 5 

The regularity of the measure jl immediately implies the following extension of the 
Lusin Theorem. 

1.10 Theorem. Let f : ex K ^ R be any jl-measurable function. Then, for any 
£ > 0, there exists a C-closed subset F G ex K, such that fi{F) > 1 — £ and f \ F 
is C -continuous. 

Proof. Given e > 0, there exists a C-closed subset Fq C ex K, such that 
/i(Fo) > 1 — I and f \ Fq he bounded; therefore, there exist m, M G M, such that 

nT- < f{x) < M, X e Fq. Let £i > 0, i e N*, be chosen, such that X] = §• If 

i=l 

^ — Ul 

En,k = f'\{-oo, m + k )) n Fo, n G N*, A; G N, 

n 

by the regularity of jl we can find C-closed subsets F^^k C ex K, such that Fn,o C 
En,Q and 

Fn,k C En,k\En,k-i, 1 < k < n; 
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and such that for M„ = |J F^^fe we have jj,{Mn) > 1 — e„. If /„ : ex K ^ M is 

k=o 

defined by 

fn = 2^im + k — - — )xp^, 



n 
k=o 



then fn is continuous on M„ and 

1 



{fn f)xM 



< 

n 



It follows that the set F = P| meets the requirements of the statement of 

n=l 

the Theorem. □ 

1.11 Remark. The proof given above is the standard one for the Lusin Theorem, 
usuallly given for the case of (Hausdorff) compact spaces. The new feature appear- 
ing here is the fact that the Tietze-Kryson Theorem does not hold any more and, 
therefore, / | F cannot be always extended to a C-continuous function on ex K. 
This problem will be discussed again below (see Theorem 10). 

An important property, which is sometimes shared by (probability) measures, is 
that of being perfect. 

We recall that a probability space (M, A) is said to be perfect if for any A- 
measurable function f : M — > R and any /*(A)-measurable subset S C M., there 
exists a Borel measurable subset B C S, such that 

/.(A)(5\S) = 0. 

(Here /*(A) is the full direct image of A through /, defined on the a-algebra 
f*{J2{X)) = {scR;f-HS)eJ2W} 

by 

f4X){S) = X{f-HS)), 5G/.(^(A)) 

(see [14], p. 17; [15], Ch. V, Section 22; [20]). 
We have the following: 

1.12 Theorem. Any boundary measure ft is perfect. 

Proof. Let 5* C M be such that /"^(5) € B{ex K; C){fi). For a given e > we 
can find a C-closed subset F C ex K, such that F C f~^{S) and fi{f~^{S)\F) < e; 
and, moreover, such that / | F be C-continuous. Then f{F) C 5" is a compact subset 
of M, such that 

f4il){S\f{F)) < e. 

The theorem now immediately follows. □ 

The preceding theory extends the theory of Radon (probability) measures on 
compact spaces T, which can be obtained as a particular case by taking for K the 
state space S{C{T)) of the commutative C*-algebra C(T), of all continuous complex 
functions on T. In this case P{C{T)) = ex S{C{T)) canonically identifies with T, 
whereas the Choquet topology on P{C{T)) corresponds to the topology of T by 
this identification. 
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Section 6 



As far as C-continuous functions are concerned, we have the following theorem, 
which implies that, in some cases, the set of the C-continuous real functions is very 
small in size. 

1.13 Theorem. Any C-continuous function g : ex K can be uniquely extended 

to a continuous function g : ex K —?■ M; the function g is constant on any sequence 
contained in ex K . Moreover, g can he uniquely extended as a continuous function 
g on the smallest compact extremal subset Kq C K, such that Kq D ex K, and such 
that g be constant on any face contained in Kq. Conversely, for any continuous 
function k : Kq — > R, such that k is constant on any face contained in Kq, the 
function k \ ex K is C-continuous. 

Proof, a) For any r G M let us define 

E{g;r) = {x E ex K; g{x) < r} 

and 

-^(ff; r) = {x ^ ex K; g{x) > r} . 

Then E{g] r) and F{g; r) are C-closed subsets of ex K, and 

1) E{g; n) C E{g; r2), for n < r2, ri, r2 G M; 

2) F{g; n) D F{g; ri), for n < r2, n, r2 G M; 

3) E{g; r) = 0, for r < m, r G M; 

4) E{g; r) = ex K, for r > M, r G M; 

5) F{g; r) = ex K, for r < m, r E 

6) F{g;r) = 0, for r > M, r G M; (here m = 'mf{g{x);x G ex K} and M = 
supb {g{x); X G ex K}). 

By the definition of the Choquet topology on ex K, we infer that there exist, for 
any r G M, a smallest compact extremal subset E{g] r) C K and a smallest compact 
extremal subset F{g; r) C K, such that 

E{g; r) n {ex K) = E{g; r), r G M, 

and 

F{g;r)n{ex K) = F{g;r), r G M. 

Of course, wc have that 

1/) E{g] n) C E{g; ri), for n < r2, n, r2 G M; 
2/) F{g : n) D F{g; ri), for n < r2, ri, r^ G M; 
3/) E{g; r) =%,ioY r <m, r ^ R; 
4/) E\g; r) = Kq, for r > M, r G R; 
5/) F{g; r) = Kq, ioi r < m, r € R; 
6/) F{g; r) = 0, for r > M, r G M. 

It follows that we can consider the Riemann-Stieltjes integrals 

(1) ip{x) = / rdxE{g-r){x), X £K, 
Jr 

and 

(2) vix)= / rd{l - XF{g;r){x)); x e K. 
Jr 



8 



Of course, we have 



(3) ^{x) = ip{x) = g{x), X E ex K. 
By integrating by parts in (1) and (2), we find 



(If) i;{x) = M - XE{g;r){x)dr, x € Kq, 

Jm 

and 

I'M 

(2/) ip{x) = m+ / xp(^g.j.^{x)dr, x E Kq. 

Jm 



It follows that if we define 

rM 



^{x) = M- / XE(g;r)ix)dr, xeK, 

Jm 



and 

I'M 

^{x) = m+ / XF(^g.r){^)dr, x e K, 

Jm 

then $ is a convex upper semicontinuous function on K, is a concave lower 
semicontinuous function on K, and 

g{x) = ^{x) = X e ex K. 

We infer that ^{x) < *(a;), Va; G K, and 

Ki = {xe K;^{x) = 

is a compact extremal subset of K (just apply the weak form of H. Bauer's Minimum 
Principle (see [6], Lemma 1; [16], Ch. XI, Theorem T.12)), such that Ki D ex K 
and, therefore, Ki D Kq. On the other hand, it is easy to see that if g is not 
constant, then Ki = Kq. 

b) Let us now define 

g{x) = $(x)(= ^'(a;)), x G Kq; 

then g obviously is a continuous function on Kq, which extends g, and it is affine 
on any face contained in Kg. 

c) Now we immediately infer that g = g \ ex K is continuous on ex K, and, 
therefore, it is the unique continuous extension of g to ex K. 

Since g'^ is also C-continuous on ex K, and since [g]'^ obviously is the continuous 
extension of g'^ to ex K, it follows that g, as well as (g)^, are affine on any segment 
contained in ex K; hence, g is constant on any such segment. 

d) Let us now prove that g is constant on any face contained in Kq. It will be 
sufficient to prove that g is constant on any segment contained in Kq. Let then 
[3^1,3^2] C Kq be such a segment and assume that xi ^ X2. Let xq = ^ {xi + X2) 
and denote ao = g{xQ). From 

rM 



ao = M - / XE{g;a)ixo)da 

Jm 
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we infer that xq ^ E{g; a), for a C oq; and xq G E{g; a), for a > oq. Similarly, from 

ao = m+ / XF(g.„)(xo)(ia 

we infer that xq G F{g;a), for a < oq; and ^ F{g;a), for a > oq. Since the sets 
£^(5; a) and ^(5; a) are extremal, we infer that 

(4) [xi,X2] C E{g; a), Va > oq, 

and 

(5) [xi,X2\ C F{g; a), Va < oq. 

Prom (4) we infer that g{x) < oq, Vx G [xi,a;2], whereas from (5) we infer that 

g{x) > qq, \Ix G [a;i,X2]; hence g{x) = oq, a; G [a;i,X2]. 

The uniqueness of a continuous extension of g to Kq, which is constant on any 
face of Kq is obvious. 

e) Let now k : Kq ^ 'Rhe & continuous function, such that k \ = ka (= 
const.), Va G /, where Kq, C Kq, a e I, are the (maximal) faces of Kq. Then, for 
any a G M, the sets 

E{k; a) = {x G Kq; k{x) < 0} , 

and 

F{k; a) = {x e Kq; k{x) > a} , 

are compact (since k is continuous) and extremal, being unions of faces. It imme- 
diately follows that k \ ex K is C-continuous. □ 

1.14 Remark. If Kq = K, which is implied by ex K = K, then the constants are 
the only C-continuous functions on ex K. 

For instance, if A C C{H), 1 G ^4, is an irreducible (7*-algebra of operators, not 
containing non-zero compact operators, then for K = S{A) we have ex K = P{A), 
and P{A) = S{A) (see [13], Section 11, Lemma 11.2.1). 

The preceding result shows that Theorem 7 cannot be given the form one usually 
gives to the Lusin Theorem in the case of Hausdorff compact spaces; namely, it is 
not true that for any /i- measurable function f,exK-^M. and any e > there exists 
a C-closed subset F C ex K, and a C-continuous function g : ex K ^ such that 
/i(F) > 1 — £ and g \ F = f \ F. Nevertheless, the following theorem shows that 
such a result is true, provided we also use the original topology. 

First, we prove the following: 

1.15 Lemma. Let F <Z K he a compact extremal subset. Then the topology induced 
on Fn {ex K) by the Choquet topology on ex K coincides with the Choquet topology 
on ex(cd{F)) = F Ci {ex K), corresponding to the compact convex set co{F), which 
contains F as a compact extremal set. 

Proof. If Fq C cd{F) is any compact extremal subset (in cd{F)), then 

Fo n ex cd{F) = {Fq n F) n {ex K), 

and Fq f] F C K is a compact extremal subset of K; indeed, if xq Fq (1 F and 
Xq = txi + (1 — t)x2, < t < 1, xi,X2 G -fC, then xi,X2 G -F C co{F) and, therefore 
xi,X2 G Fq, since Fq is extremal in co{F). 

Conversely, if Fq C -fC is a compact extremal subset of i^T, then Fq n F C cd{F) 
is a compact extremal subset of co(F) . □ 
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1.16 Theorem. For any jl-measurable function f : ex K ^ M, and any e > 0, 

there exists a C -closed subset F C ex K , and a continuous function g : K ^ M., 
such that fi{F) > 1 — e, f \ F is C -continuous and f \ F = g \ F. 

Proof. By Theorem 7, given e > 0, there exists a C-closed subset F C ex K, 
such that /i(-F) > 1 — £ and / | F is C-continuous. Then, by the preceding Lemma, 
/ I ex co{F) is C-continuous on ex co{F), for any compact extremal subset F C K, 
such that F fl (ex K) = F. By Theorem 9, / | {ex cd{F) extends to a continuous 
function g : K ^ R, ii we also take into account the Tietze-Kryson Theorem. □ 

Section 7 

It is known that, in general, a probability measure : Bo{ex K) — >■ [0, 1] does not 
always induce a Choquet maximal measure z>o on K, by the formula 

i>o(5) = 1/0(5 n {ex K)), B e Bo{K). 

Equivalently, a Baire probability measure on K, which is pseudoconcentrated on 
ex K, is not necessarily Choquet maximal (see [19], Ch. 9). 

For a probability measure vi : Bi{ex K) — )■ [0,1] we shall denote by ui the 
measure on Bq{K) given by i'i{B) = i'i{B n {ex K)), B G Bo{K). 

The measures and i>i, defined as above, have unique extensions as Radon 
measures on K, for which we shall keep the same notation. 

With the exceptin of the "only if" part in a), which is due to S. Teleman (see 
[23], Corollary to Theorem 1), the following theorem is due to C.J.K. Baity. We 
present it here with a different proof (see [3], p. 303). 

1.17 Theorem, a) The measure z>o is Choquet maximal if, and only if, 
vo{B) = sup {z/o(-P); F e T{ex K) n B{ex K),F ClB^, Be Bo(ex K); 

h) If is regular, then ui is Choquet maximal and (z>i) = vi. 

Proof, a) Since vq is defined at the beginning as a Baire measure on K only, 
we shall denote also by vq the corresponding (unique) Radon extension. Let ^ G 
M.\{K) be a Choquet maximal measure on such that u < ji, and let fl : Si (ex 
K) — )■ [0, 1] be the corresponding boundary measure. We shall first prove that 

iyo{B) < fi{B), yB e Bo{ex K), 

provided the regularity property in a) holds, whence it will immediately follow that 

iyo{B) = fi{B),qquadiB G Bo{ex K), 

and, therefore, t'o(-B) = IJ-{B), \/B £ Bo{K). This will imply that z/q = /x; i.e., Oq is 
Choquet maximal on K. 

Indeed, given e > 0, there exists an Fq G J^{ex K) fl Bo{ex K), such that 

vq{B) <z.o(i^o)+e, i^oC^; 
also, there exists an Fq G J^{K), such that 

Fo = Fo n {ex K). 
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Since Fq is compact, there exists a compact Bq G Bo{K), such that Fq C Bq and 
'^o(-^o) = t'o(-Bo)- We infer that 

uo{B) -£< uo{Fo) < uo{Bo n {ex K)) = uo{Bq) = uq{Fq) < n{Fo) = A(^o) < fi{B), 

where the third inequahty is a consequence of ([17], Ch. XI, Theorem T.7). 

The necessity of the condition was proved in ([3], Corollary to Theorem 1). 

b) Let fi € M\{K) be a Choquet maximal measure on K, such that z^i < fi, and 
let (1 : Bi{ex K) — ^ [0, 1] be the corresponding boundary measure. Similarly, as 

above, we shall prove that i'i{B) < fi{B), VB G Bi{ex K), whence we shall get that 
ui{B) = jl{B), yB e Bi{ex K), and, therefore, z>i(5) = ii{B), V5 G Bo{K). This 
will imply that i>i = 12; i.e., i>i is a Choquet maximal Radon probability measure 
on K, and (z>i) = ui. 

Indeed, given e > and B G Bi{ex K), we can find an F G T{K), such that 

F = Fr]{ex K)cB and ui{B) -e< viiF). 

Since F is compact, there exists a compact Bq G Bq{K), such that F C Bq and 
z>i(F) = i>i(i?o). We then have 

iyi{B) - e < ui{F) < ui{Bo n {ex K)) = u^{Bq) = ui{F) < n{F) = il{F) < jl{B), 

where the third inequality is a consequence of ([17], Ch. XI, Theorem T.7). □ 

1.18 Remark. The measure z>i is determined by vi \ Bo{ex K). Theorem 5 shows 
that if vi is Choquet maximal and if the equality vi = (z>i) holds, then ui is 
regular. 

2 Measure-theoretic properties of the maxi- 
mal topology 

The maximal topology, and its basic properties, including its measure-theoretic ones, 
were introduced in [24]. C.J.K. Baity (see [4]) extended the main results to the more 
general situation in which the maximal topology is replaced by a topology depending 
on a "parameter." It is obvious that the Choquet topology is weaker than the 
maximal topology. As shown by Baity, the Choquet topology is, in general, strictly 
weaker than the maximal topology; moreover, there may exist maximally continuous 
real valued functions which are not continuous for the Choquet topology, and, in 
general, the a-algebra of the Borel measurable subsets of ex K, for the Choquet 
topology, is strictly included in the cr-algebra of the Borel measurable subsets of ex 
K, for the maximal topology. We shall discuss in detail the corresponding examples 
of Baity. 

We shall also prove in detail the fact that the boundary measures, corresponding 

to Choquet maximal measures, extend as regular Borel measures with respect to 
the maximal topology. The result was obtained in [24], by adopting the method of 
proof developed by Baity for the case of the Choquet topology. 

The maximal topology on ex K, which we shall denote by M, is a (Ti)-quasicompact 
topology, stronger than the Choquet topology and weaker than the original topol- 
ogy of ex K. The facts that both {ex K; C) and {ex K; M) are quasicompact and 
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C C M are compatible with C ^ M, since C is a Hausdorff topology if, and only 
if, ex K is closed in K (see [?], Corollary 2.5, p. 62), and this does not always hold. 

The maximal topology will be introduced by methods similar to those used for 
the Choquet topology, but all essential constructions will be carried out on ex K, 
with the help of Choquet maximal measures. 

Section 1 

A compact subset F G K will be said to be maximally extremal if the following 
holds 

(*) if jLt G M\{K) is Choquet maximal and if b{fi) G F, then fx{F) = 1. 

2.1 Remark. Compact maximally extremal subsets of K are called dilated in ([2], 
p. 113). 

It is easy to prove that we have the following properties. 

i) If F C -fC is a compact extremal, -Fo(-^ H {ex K) is also maximally extremal 
and F n {ex K) = Fq fl {ex K). 

Indeed, if G M.\{K) is Choquet maximal, then b{ii) G Fq =^ b{fi) G F ==?■ 
fi{F) = 1 =^ n{cd{F)) = 1. Since /x | cd{F) is in M^{cd{F)) and since it is Choquet 
maximal on cd{F) , we infer that 

Ix{Fq) = ii{F n {ex K)) = ii{ex co{F)) = 1 

(see [22], Proposition 1.10). The equality F n {ex K) = FqC^ {ex K) is obvious. 

n 

ii) If Fi^F2,...,Fn are maximally extremal compact subsets of K, then (J Fj is 

i=l 

a maximally extremal compact subset of K. 

iii) For any family {Fi)-^j of maximally extremal compact subsets Fi C K, i G I, 

the set Pi is a maximally extremal compact subset of K. 
i€T 

Prom ii) and iii) we immediately infer that the set M{K) of all maximally 
extremal compact subsets of K is the set of all closed subsets of i^T in a suitable 
topology of K. The maximal topology on ex K will be the topology induced by it 
on ex K; i.e., the set 

M{ex K) = {Fn {ex K)-F G M{K)] 

is the set of all closed subsets of ex K for the maximal topology, which we shall 
denote by M. Of course, M is weaker than the original topology of ex K and, by 
i), it is stronger than the Choquet topology C. 

2.2 Lemma, a) For any maximally extremal compact subset F G M{K), we have 

ex cd{F) = Fn{ex K). 

b) For any maximally extremal subset F G M{K), the set Fq = F D {ex K) is also 
maximally extremal and 

Fo n{ex K) = Fn {ex K). 
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Proof, a) We obviously have that F n (ex K) C ex co{F) and, by the Milman 
Converse Theorem, we have ex W{F) C F. Let now xq G ex cd{F); we shall show 
that xq G ex K. Indeed, let xi,X2 ^ K he such that 

= ]^{xi + X2). 

Let G Ai\^{^K) be a Choquet maximal measure, such that = Xi, i = 1, 2, and 
define //q = |(//i + /Lt2)- Then //q is Choquet maximal (see [12]) and 6(//o) = xq ^ F. 
It follows that fJ-o{F) = 1 and, therefore, 

^,,{F) = f,2{F) = I. 

We infer that 6(/Xj) = Xj G co(i^), i = 1,2, and, therefore, 

Xi = Xo = X2. 

b) Let now /no G 7W5|_(ivr) be Choquet maximal, such that 6(//o) G Fq. Then 5(/Lto) G 
F and, therefore, Ho{F) = 1. It follows that ^q{co{F)) = 1 and /Uq | co(F) G 
M.\{cd{F)) is Choquet maximal. We infer that 

supp /Uo = supp(/io I co{F)) C ex cd{F) = Fq 
by the first part of the Lemma and, by ([22], Proposition 1.10). The equality 

Fo n (ex K) = F n (ex K) 

is now obvious. □ 

2.3 Proposition. The topological space {ex K;M) is {Ti)-quasicompact. 

Proof. Let {Fa)aei be a centered family of M-closed subsets of ex K. Then 
{Fa)aei is a centered family of maximally extremal compact subsets of K and, 
therefore, F = P) 7^ is a maximally extremal compact subset of K. It follows 

a 

that co(F) 7^ and, therefore, 

7^ ex co(F) = F n (ex K) C F^, Va G /. 

It follows that (ex K; M) is quasicompact. It is obvious that for any x G ex K, the 
set {x} is M-closed in ex K, by a theorem of H. Bauer. □ 



Section 2 

A universally integrable function </? : K ^ M will be said to be maximally convex 
(resp. maximally concave) on K if 



JK 

(resp., </c(6(m)) > / V'c^m), 
Jk 



for any Choquet maximal measure ji G A^J',_(i^). Of course, ip is maximally convex 
if, and only if, —ip\s maximally concave; if is maximally convex (resp., max;imally 
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concave) and A G M+, then At/? is maximally convex (resp., maximally concave); 
if i = 1,2, ...,n, are maximally convex (resp., maximally concave) functions on 

n 

K, then ^ is maximally convex (resp., maximally concave) on K any suitably 

i=l 

bounded point- wise converging sequence of maximally convex (resp., maximally 
concave) functions on K has a maximally convex (resp., maximally concave) limit 
function. 

It is easy to infer now that for any compact subset F C K we have F maximally 
extremal <^ xp maximally convex. 

Section 3 

Let now /j, G M.\.{K) be any Choquet maximal measure and let Mi G K he the 
smallest maximally extremal compact subset, such that supp /j, C Mi. 

2.4 Theorem, a) The set Mi n {ex K) is the smallest M-closed subset of ex K, 

whose jiQ- outer measure is equal to 1. 
h) For any M G M.{K) we have 

ill{M n {ex K)) = /x(M). 

Proof, a) Let B e Bq{K) be such that 

B n {exK) D Ml n {exK). 

From Ml C supp^ we infer that /x | co(Mi) is Choquet maximal as a Radon proba- 
bility measure on co(Mi). Since 

Bq = (CS) nco(Mi) G Bo(co(Mi)), 

from 

Bq n {ex cd{Mi)) = So n Ml n {ex K) = % 

and from Theorem 1 we infer that i^{Bo) = 0. It follows that l^{^B) = 0, and, 
therefore, 

flo{B n {ex K)) = no{B) = 1. 

We infer that /io(Mi n {ex K) = I. 

b) Let now M G M.{K). Then there exists a compact Baire measurable set 
B G Bo{K), such that 

M C -B and n{B) = /x(M). 
It follows that Mn{ex K) C Bn {ex K) and 

(1) jll{M n {ex K)) < i1q{B n {ex K)) = fi{B) = fi{M). 

If /u(M) = 0, the required equality is proved. If /x(M) > 0, let us define 

= iJ,{My^XMfJ.- 

Then u e M\{K) and v is Choquet maximal. Prom ^{M) = 1 we infer that 

supp V C M, 
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and, therefore, from part a) of the Proof, we have 

(2) i>^{M n {ex K)) = 1. 
Let now B G Bo{K) be such that Br\{ex K) D Mn (ex K). Prom (2) we infer that 

f>o(S n {ex K)) = 1, 
and, therefore, i^{B) = 1. By the definition of i^, it follows that 

fi{M) = fi{B n M) <fi{B)- 

i.e., 

lx{M) < flo{Bn{ex K)), 

and this implies that 

(3) ^i{M)<pLl{Mr^{exK)). 

Prom (1) and (3) the required equality immediately follows, 
c) Let now Mq G M{K) be such that 

~^1{Mq n {ex K)) = 1. 

Then, from b), we infer that /i(Afo) = 1 and, therefore. Mi C Mq; hence. 

Ml n {ex K) cMoD {ex K), 

and the Theorem is proved. 

2.5 Theorem. If ^ M.\{K) is Choquet maximal, then Bo{ex K;M) C Bo{ex 

K){no). 

Proof. Let M e M{K) be such that 

oo 

{ex K)\M = IJ (M„ n {ex K)), 

n=0 

where (M„)„>o is a sequence of sets M„ G A4{K), n > 0, which can be assumed to 
be increasing. Prom M fi M„ fl {ex K) = and from Lemma 2, a), we infer that 
M n M„ = 0, n > 0. It follows that 

fi{M) + n{Mn) < 1, Vn > 0, 

and, therefore, 

ill{{ex K) n \M) = sup {/i^(M„ n {ex K));n > 0} = sup {/i(M„); n > 0} < 1 - /Lt(M) 

= l-jll{M^{ex K)) 

(see also [18], Ch. 1, Section 1.5, Proposition 1.5.2; [22], Proposition 1.12). It follows 
that M n {ex K) is /io-measurable, and, therefore, we have the inclusion 

Bo{ex K-M) c BQ{ex K){flo). 

The Theorem is proved. □ 
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Section 4 

Let now Bi{K; M) be the cr-algebra of subsets of K, generated by Ai{K) U Bo{K), 
and let Bi{ex K;M) be the cr-algebra of subsets of ex K, generated by M.{ex 
K) yjBoiex K), where 

M{ex K) = {Mr\ {ex K)- M G M{K)} 

is the set of all M-closed subsets of ex K. Of course, we have 

Bi{ex K; M) = {M n {ex K)-Me Bi{K; M)} , 

and also the following inclusions 

Bo{ex K) C Bi{exK;M), 

Bo{ex K-M) C B{ex K;M) C Bi{ex K;M), 

Bo{ex K; C) C Ho (ex K; M), 

B{ex K-C) C B{ex K-M), 

Bi {ex K-C) (lBi{exK-M). 

Theorem 5 can now be extended to the case of the cr-algebra Bi{ex K; M), essentially 
with the same proof. It was obtained in [24], and extended to a more general 
situation, by Baity, in [4]. Due to its special relevance to the present work, we shall 
present it with a complete proof. 

2.6 Theorem. For any maximal measure fj, G M.\.{K), the formula 

fi{M) = sup{//(M);M G M{K),Mr\{ex K) C m} ,M G Bi{ex K-,M), 
extends jlo to a probability measure 

jl -. Bi{ex K-M) [0,1], 
which is regular in the sense that 

a) il{M) = sup|/i(F);F C M,F e M{ex K)^ ,M e Bi{ex K-M)-, 
and we have fi{F) = i1q{F), for any F G M.{ex K); i.e. 

b) fl{F) = inf C B,B e Bo{ex if)} ,F G M{exK). 

Proof. Adopting the proof of C.J.K. Baity (sec [3], p. 302), given for the case 
of the Choquet topology, we shall define, for any B C K, 

H'{B) = sup {fi{F)-, F G M{K), FcB}, 

H"{B) = sup {fi{F)-,F G M{K), Fr\{ex K)cBn {ex K)} . 

We obtain the following properties 
a) ii'{B) < fi"iB), for any B C K; 
h) /{F) = n{F), for any F e M{K)-, 



17 



c) IJ-'{B) = 12(B), for any B G 13q{K); indeed, this is an immediate consequence 
of ([23], Theorem 1, Corollary ?) by taking into account the fact that any compact 
extremal subset of K is maximally extremal. 

d) jLt'(G) = n{G), for any Gj-subset G of K; indeed, this is an immediate conse- 
quence of ([23], Theorem 2). 

e) fi'{B) < fi{B), for any B G B{K); 

f) IJ,"{B) < IJ,{B), for any B G Bo{K); indeed, by Theorem 12, b), for any 
F eM{K) and any B G Bo{K), such that 

Fn{ex K) cBn{ex K), 

we have 

^{F) = fil{F n (ex K)) < jXo{B n {ex K)) = n{B). 

g) We have 

/x'(Si)+/x'(S2) </x'(SiUB2), 

for any B\,B2 C K, such that Bi D B2 = ^, and 

/(5i) + /x"(S2) </x"(SiUS2), 

for any ^i, ^2 C K, such that n S2 fl (ex K) = 0. 

Indeed, the first inequality is obvious by the definition of jj.', whereas the second 
follows from Lemma 2, a) and the Krein-Milman Theorem. 

h) Let A' = {B€ B{K);fi'{B) = fi{B), fi'{CB) = fi{CB)}. Then A' is a a- 
algebra, such that M{K) C A', by b) and d); and Bo{K) C A', by c). It follows 
that Mi{K) CA', by the definition of Mi{K). 

i) fj,"{M) = n{M), for any M G Mi{K). 
Indeed, by a) and h) we have 

fi{M) < /(M), 

for any M G Mi{K). By g), we have 

1 = ii{M) + /x(CM) < n"{M) + /(Cm) < 1; 

hence, //"(M) = n{M), for any M G Ali(i^). 

j) M G Mi{K) and M n (ex iiT) = ^ /x(M) = 0. 

Indeed, this is an immediate consequence of i) . It follows that by the formula 
(*) fl{Mn{ex K)) = n{M), MeMi{K), 
we correctly define a probablity measure on A^i(ex K), and we have 
jl{M) = sup |/i(M); M £MiK),Mn (ex K) C , 

for any M G Mi{ex K). 

Equality a) in the statement of the Theorem is now an immediate consequence, 
whereas equality b) follows from Theorem 11, b) and from i) and equality (*). The 
Theorem is proved. 

2.7 Theorem, a) Mi{ex K) C B{ex K;M){fi); 
b) jl is T -continuous, i.e. 

Mfl^a) = mf{/i(Fa);«e/}, 

a 

for any decreasing set (-Fa)ae-f of M -closed subsets Fa G ex K, a E I. 



18 



Proof, a) Since M.{ex K) is the set of all M-closed subsets of ex K, we infer 
that we have 

13{ex K;M) C Mi{ex K). 

For any M G M.i{ex K), by Theorem 13, a), there exists a -Fa-subset F C ex K, 
and a Gj-subset G C ex K (with respect to the maximal topology of ex K), such 
that 

FcM CG, 

and 

A(F)=/i(M) = A(G). 

It follows that M G 13{ex K; M){fl). 

b) {F^)a£i is a decreasing set of maximally extremal compact subsets of K, such 

that Fa n (ex K) = F^, a e L 
We then have 

Hif] h) = inf L{hy,a el\= inf U{F^y, a e l\ > /x(f| F„) = jHf] h), 

a ^ ' ^ ' a a 

because P) Fq, is a maximally extremal compact subset of K, such that 

a 

(f|Fj n(ex i^) = f|F«. 

\ a / a 

The Theorem is proved. □ 

Let now Mi C K he the smallest maximally extremal compact subset of K, such 
that Ml D supp/Lt. 

2.8 Corollary. The set Mi = Mi fl {ex K) is the smallest M-closed subset of ex 
K, such that fi{Mi) = 1; i.e., Mi is the M-closed support of jl. 

Proof. By the definition of jl, given by formula (*) in the proof of Theorem 13, 
we have 

/i(Mi) = /i(Mi n {ex K)) = fi{Mi) = 1. 
If Mo € M{ex K) is such that /i(Mo) = 1, then Mq e M{K) and 

1 = A(Mo) = m(Mo); 

hence, Mq D supp^ and, therefore, Mq D Mi. It follows that Mq = Mq n {ex 
K)D MiH {ex K) = Mi. □ 

Section 5 

The analogue of Theorem 7 holds, with a similar proof, which wc shall omit. 

2.9 Theorem. Let f : ex K ^ M. be any fi-measurable function. Then, for any 
e > 0, there exists an M-closed subset M C ex K, such that 

fi{M) > 1 — e and f \ M is M-continuous. 

We also have the following: 
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2.10 Theorem. For any maximal measure fj, G M^{K) the measure p, : B : {ex 
K; M){fi) [0, 1] is perfect. 

Its proof is similar to that of Theorem 8. 

Section 6 

Wc shall now consider the M-continuous functions / : ex if — >■ M, for which we 
shall get a complete characterization. 

The following lemma shows that the maximal topology on ex K is hereditary. 

2.11 Lemma. Let M G M.{K) he any maximally extremal compact subset of K. 
Then the topology induced on M = M f\ {ex K) by the maximal topology of ex K 
coincides with the maximal topology on ex co{M) = M D {ex K) . 

Proof, a) Let Mq C co(M) be any maximally extremal compact subset of 
co(M). Then Mq fl M is a maximally extremal compact subset of K, such that 

Mo n M n {ex K) = MoD ex cd{M). 

This shows that any M-closed subset of ex co{M) is an M-closed subset of ex K; 
i.e., it is closed in the induced topology. 

Indeed, let /j, G M^{K) be any maximal measure, such that 6(/io) G Mq n M; 
then n{M) = 1, since M is maximally extremal and, therefore, fi{cd{M)) = 1. 
We immediately infer that the restriction /ii of // to co(M) is maximal and, since 
6(/Lti) = G Mq, we have /Lti(Mo) = 1, because Mq is maximally extremal, as a 
subset of cd{M). We then infer that h{Mq DM) = 1. 

b) Conversely, let Mi C K be any maximally extremal compact subset of K. 
Then the set Mi n M is a maximally extremal compact subset of co(M), such that 

Ml n ex cd{M) = (Ml n M) n ex co(M), 

and this shows that any closed subset of ex co{M) for the induced topology is an 
M-closed subset of ex co(M). 

Indeed, let n G M\{cd{M)) be a maximal measure, such that G Mi n M. 
Let Hi be the canonical extension of fi to K. We shall show that ixi G M.\{K) is 
Choquet maximal on K. 

Let fi2 £ M\{K) be a maximal measure, such that ^i < fi2- Then we have 
b{n) = h{iii) = b{ii2) G Ml n M. This implies that /Li2(Mi) = H2{M) = 1, since Mi 
and M are maximally extremal compact subsets of K. It follows that fi2{cd{M)) = 1 
and, therefore, the restriction = fJ,2 \ co(M) is Choquet maximal, as a measure on 
cd{M). Let us show that /J. < 1^2 \ cd{M), on co(M). To this end, let (f G S{co{M)) 
be given. Since the set of the restrictions to co(M) of the continuous affine real 
functions on E is uniformly dense in A{cd{M)) (see [19], Ch. 9, Proposition 4.5), 
we infer that, given e > 0, there exists a finite set {hi,h2, ■■■,hn} C A.{K), such 
that 

(p{x) — £ < max{/ij(x); 1 < i < n} < ip{x),x G co(M). 
Let ipo G S{K) be defined by 

<fo{x) = max {hi{x); 1 < i < n} ,x & K. 

We then have 

H{(p) - en{(po) = /XI ((/Co) < IJ'2{ipo) = l^3{ipo) < I^3{'P), 



20 



and, therefore, < fM3{(p), (fi G S{cd{M)). We infer that /i < on co(M) and, 

since fi is maximal, it foUows that fj, = fj,^. It fohows that /ii = fi2', i-e., //i is 
Choquet maximal on K. 

Since 6(/xi) = 6(|Lt) G Mi n M, we infer that 

ij,{Mi n M) = /ii(Mi n M) = 1. 

The Lemma is proved. 

2.12 Lemma. Let (p : K —^W be a maximally concave lower semicontinuous func- 
tion. Then (p attains its minimum on ex K. If (p{x) = 0, Vx G ex K, then <^ > 
and (p{x) = 0, for any x E ex K. 

Proof. Let m = inf {(p(x); x G K} and Kq = {x G K; (p{x) = m}. Then Kq is 
a non-empty compact subset of K. We shall prove that Kq is maximally extremal. 
Indeed, let xq G Kq and let /j, G Al\{K) be Choquet maximal, such that = xq- 
Then we have 

and, therefore, = m. It follows that //(-f^o) = 1- Lemma 2 now shows that 

Kq n (exi^) / 0. 

If = 0, Vx G ex i^, we infer that m = 0. Since the set ETq is compact (and 
maximally extremal), we have Kq D ex K. The Lemma is proved. □ 

2.13 Theorem. Any A4- continuous function g : ex K has a unique continuous 
extension g : ex K R. The mapping g ^ g has the following property f o g = 
(/ ° g) and 

(V fimi^))) = /_(/ o g)dfi = [ (/ o g)dil, 

J ex K J ex K 

for any continuous function f : M— t-M and any Choquet maximal measure ^ G 
M.\_{K), such that b{ii) G ex K. Conversely, for any continuous function h : 
ex ii' — > M, such that the equality 

{foh){h{ii))= [_{foh)dix, 

J ex K 

holds for any continuous function f : M— and any Choquet maximal measure 
jJL G M\{K), such that b{fi) G ex K, the restriction h \ {ex K) is M -continuous, 
and {h \ {ex K)) = h. 

Proof. Since g is M-continuous and (ex K\ M) is quasi-compact, g is bounded. 
Let us define 

m = inf {g{x)\ x E ex K} , M = sup {g{x);x G ex K} . 
For any a G M, define 

E{g; a) = {x G ex K; g{x) < a} , 
F{g; a) = {x G ex K; g{x) > a} ; 
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then E{g; a) and F{g; a) are M-closed subsets of ex K, and, therefore, E{g; a) = 

E{g; a), F{g; a) = F{g; a) are maximany extremal compact subsets of K (see Lemma 
2, b)). 

The following properties are obvious 
i) E{g; Oi) C E{g- 02), for ai < 02, ai, 02 G M; 

ii) F(gr; ai) D ^(51; 02), for ai < 02, ai, 02 G M; 

iii) £'((/; a) = 0, for a C m, o G M; 

iv) £'(5; a) = ex K, for a > M, a G M; 

v) F{g; a) = ex K, for a < m, a G M; 

vi) a) = 0, for a > Af, a G R. 

As in the proof of Theorem 9, we shall consider the Riemann-Stieltjes integrals 



(1) ipix) = / adxE(g-a){x), xeK, 
Jm. 



and 



(2) (p{x) = / ad{l - XF(^g.a)ix)), xeK. 
Jr 

We obviously have that 

(3) ^{x) = 'ip{x) = g{x), X & ex K. 
Integration by parts in (1) and (2) gives 

I'M 

(1/) i;{x) = M - XE(g;a){x)da, x eex K, 

J m 



and 



If we define 



and 



l-lVl 

(2/) ^p{x) = m + I XF(^g.a){x)da, x E: ex K. 

Jm 

I'M 

^{x) = M- / XE(g-a) {x)da, xeK, 

Jm 
rM 

= m+ / XF(g;a){x)da, xeK, 

J m 



then $ is a maximally convex upper semicontinuous function on K, whereas ^' is a 
maximally concave lower semicontinuous function on if; we obviously have 

g{x) = = ^{x), X e ex K. 

From Lemma 4 we now infer that ^ <^ on K, and Ki = {x G K; = '^{x)} is 
a maximally extremal compact subset of K, such that Ki Z) ex K. 
Let us now define g : ex K ^Mhy 



g{x) = ^{x){= ^(x)), X eex K. 



It is easy to see that g is continuous on ex K and, therefore, it is the unique 
continuous extension of g to ex K. 

Let now /x G M.\{K) be a maximal measure, such that G ex K. We have 



supp fi G ex K 
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and, therefore, 

g{h{l^)) = ^(K/^)) < l^dii = !_^dii< ^{h{^)) = g{b{f^)), 

J ex K J ex K 

whence we get that 



J ex K 



gdjj,. 



' ex K 

Let now / : M — > M be continuous; then f o g \s M-continuous on ex K. If xq € 



ex K, and Xa & ex K , a E A, is a set such that xq = hm Xa, then g{xa) — ^ g{xo) 
and 

It follows that 

(/ o g) (xo) = figixo)) = (/ o g){xo), 



for any xq £ ex if. We infer that 

= /( fgdfi) = /_(/ o 9)dpi, 
J ex K J ex K 

for any maximal measure n G M\{K), such that G ex K. 
The equality 

/ hdfi = / hdfi 

J ex K J ex K 



holds for any continuous function h : ex K ^ M. and any maximal measure /i G 
M.\{K), by virture of the definition of ft and of the inclusion A^i(ex K) D Bo{ex 

K). 

Let us now assume that h : ex K is a continuous function, such that 

(4) {foh){b{ii))= [_{foh)dii, 
J ex K 

for any continuous function / : M — >■ M, and any maximal measure /i G M.\{K), 
such that 6()u) G ex K. Prom (4) we immediately infer that 

X{-oo,a]iKKlA)) = I {x{-oo,a]°^)'^l^^ 

Jex K 



and 



X[a,+oo){h{Klj))) = I {x[a-oo) ° h)dll, 

J ex K 



for any a G M and any maximal measure fi G M.\{K)^ such that G ex K. 
It immediately follows that the compact sets 

E{h; a) = (x G ex K\h{x) < a] , a G M, 

and 

F{h:, a) = {x G exX; h{x) > a] , a G M, 

are maximally extremal and, therefore, h j (ex K) is M-continuous. The equality 
{h I (ex K)) = h \s now obvious. The Theorem is proved. 

Let C(ex K; M) be the C*-algebra of all M-continuous complex functions on ex 

K. 
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2.14 Corollary. For any maximal measure fj, G Ai\{K), such that h{ii) G ex K, 
the mapping 

C{ex K;M) 3 g^ / gd/i 
J ex K 

is a *-homomorphism onto C. 

Proof. Make f{x) = x^, x G M, in Theorem 18. □ 

2.15 Remark. 1) Since any C-continuous function g : ex K ^ R. is M-continuous, 
equality (*) holds for any C-continuous g. 

2) From property (*) one easily infers that for any M-continuous function g : ex 
— )> M, the corresponding function g : ex K —?■ M is constant on any polygonal 

line contained in ex K; therefore, ii ex K = K, then the constants are the only 

M-continuous real functions on ex K. 

2.16 Theorem. For any fl-measurable function g : ex K —?■ M., and any e > 0, 
there exists an M-closed set F C ex K and a continuous function g : K ^ such 
that ii{F) >\ — e, f\F = g\ F and f \ F is M-continuous. 

Proof. Similar to that of Theorem 10, with the use of Lemma 3 and Theorem 
18. □ 

Section 7 

The relationships between the topologies C, M and the original topology on ex K, 
denoted a, are also illustrated by the following theorem. 

2.17 Theorem. The following statements are equivalent: 

a) C = a; b) M = a; c) C is Hausdorff; d) M is Hausdorff; e) ex K is closed 
in K. 

Proof. It is sufficient to prove the implication d) e). Let then xq G ex K. 
By the Corollary to Theorem 18, the mapping 

C{{exK-M);C)3g^g{xQ) 

is a complex *-homomorphism; hence, there exists an xq G ex K, such that 

(1) g{xo)=gixo), g e C{{ex K-M)-C). 

On the other hand, for any maximal measure ji G M.\{K), such that = xq, we 
will have 

(2) g{xo)= [ g{x)dfi{x), geC{{exK;M);C). 

J ex K 

From (1) and (2) we infer that fi = Exq', it follows that /x = e^^; i.e., xq = xq G ex 
K. □ 

2.18 Remark. The equivalence c) e) is proved in ([10], Corollary 2.5, p. 62). 
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Section 8 



As shown by Baity (see [4], Example 2.2, p. 503), in general, there are M-continuous 

real functions, which are not C-continuous; it follows that, in general, the maximal 
topology is strictly finer than the Choquet topology. Moreover, in general, the a- 
algebra B\{ex K; C) is strictly included in the cr-algebra Bi{ex K; M). Due to the 
relevance of Balty's examples to the present work, we shall present them here in 
somewhat greater detail. 

1) Let X be any compact Hausdorff space and let xqXi, X2 G X be three distinct 
points; let jihe & Radon probability measure on X, such that supp ^ = x and 

)"({a;o}) = fJ-iixi]) = )"({x2}) = 0. 

Let A be the Banach subspace of C(X x [0, ^jiK), consisting of all functions / G 
C{X X [0, i];M), such that 



(1) /(xo,0) = tj{xi,t) + (1 - t)J{x2,t), < i < -, 



and 



(2) /(xi,0) + /(xo,0) =4 / f{x,t)dti{x)dt. 

Let K be the state space of A; i.e., 

K = {LeA*-\\L\\ = L{\) = \}, 

endowed with the a{A*;A) topology. (See also [2], Chapter 1, Section 4). 
One defines the "evaluation mapping" 



e:Xx 



1 

"•2 



K 



by 



eix,t)if) = fix,t), {x,t)eXx 



1 

0, - 
' 2 



Then we have the following properties: 

a) e{X X [O, i]) D ex K; 

b) £(xo,0) = £(a;2,0); 

c) ex K = e{X x[0,^])\{e{xo,0)}; 

d) e \ [X X [O, ^]) \ {(xo, 0), (x2, 0)} is ahomeomorphismof (X X [O, ^] ) \ {(a:;o, 0), (x2, 0)} 
onto ex K. 

The maximal Radon probability measures v on K, representing £{xq,Q), are 
supported by e ({a;i, X2} x [O, ^] ) and are given by 

K/)= I {tf{xi,t) + il-t)f{x2,t))duoit), 

for any / G C{X x [O, ^] ; M), such that, f{xo, 0) = / (0:2, 0) where uq is any Borel 
probability measure on [O, |] . 

If F C is any compact extremal subset, such that e{xo, 0) G F, then from (1) 
we get that 

(3) \e{xi,t) + (1 - X)e{x2,t) G F, 
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for any t G [O, and any A G [0, 1]. Since F is compact, from (3) we infer that 



-(e) (xi,0) + £(a;2,0)) GF, 



and, therefore, from (2) it follows that 



£ X 



' 2 



e I (supp fi) X 



0.1 

' 2 



It follows that the C-closed subsets of ex K are ex K itself, and the subsets of 
ex K, which are compact in the original topology. 

On the other hand, any compact subset F G £ [X x [O, ^] ) , containing e ({.xi , .T2} x [O, ^] ) , 
if e(a;o,0) G F is M-cxtrcmal; it follows that any subset of ex K, which is closed 
in the original topology and contains the set 



Mo = £( {XI,X2} X 



0, 



\{£ix2,0)}, 



is M-closed. 

Conversely, if Af C ex K is M-closed, then M is compact and M-extremal. 

If e(xo,0) ^ M, then M = M, and M is compact in the original topology; if 

e(xo,0) G M contains the set Mq. It follows that the maximal topology is strictly 
finer than the Choquet topology, in this case. 

2) Moreover, there are M-continuous real functions on ex K, which are not C- 
continuous. Indeed, since ex K is not compact in the original topology, from the 
above description of the C-closcd subsets of ex K, it follows that any C-continuous 
real function on ex K is constant. On the other hand, the M-continuous real 
functions on ex K, which have a "limit at infinity" {ex K is locally compact), are 
continuous for the original topology and are constant on the set Mq. 

3) The preceding example can be used in order to show that, in general, the 
(T-algebra Bi {ex K; C) of subsets of ex K, generated by Bo{ex K) and B{ex K; C), 
is strictly included in the cr-algebra Bi{ex K; M) of subsets of ex K, generated by 
Bo{ex K) and B{ex K;M). It will follow that B{ex K;C) is strictly included in 
B{ex K;M). 

In order to prove this, let us first remark that for any B G Bi{ex K;C) there 
are Baire measurable subsets B,B' C X x [O, ^] , such that {(xq, 0), (x2, 0)} C B 
and 

Bn£{B) = £{B')\{£{xo,0} . 

By taking into account the characterization of the M-closed subsets of ex K, 
given above, with a suitable choice of the space X, one can find M-closed subsets 
of ex K, that are not in Bi {ex K; C). It follows that 

Bi {ex K- C) C Bi {ex K; M) . 

Indeed, let us consider the compact space X = [0,1]''^'^' and the point xq = 
(iCo(s))sg[o,i] e X, where xo{s) = 0, Vs G [0,1]. Then the set £(M)] {£(xo, 0)}, 
where 



M 



{x,t) e X X 



1 

0'2 



■x{s)<s,s€ [0,1] \ , 
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is M-closed in ex K = e (^X X [O, 5] ) \ {e {xq, 0)}. Of course, the points xi,X2 G X, 
with xi ^ X2, win be chosen such that 

Xk{s) <s,se [0, 1], k = l,2. 

If B and B' are Baire measurable subsets of X x [O, ^] , there is a countable 
subset / C [0, 1], such that 

{x,t) e B,y e x,yis) = x{s),ys e I ^ {y,t) eB 

and 

(x', t) G b', y' € X, y'{s) = x'(s), Vs G / ^ {y\ t) G 5. 

Although we have to consider only the Baire measurable subsets, B and B' of 
X X [0, i] which have the properties 

(xo, 0) G 5 ^ (X2, 0) G B, (xo, 0) G 5' ^ (x2, 0) G 5', 

we have 

(£(M)\ {e (xo, 0)}) n £ (5) / £ (B') \ {e (xq, 0)} , 
whenever (xo,0) G -B. It follows that 

£(M)\{£(xo,0)} ^^1 {exK-C), 

although £ (M) \ {£ (xq, 0)} is M-closed. 

3 Admissible mappings 
Section 1 

Let i^O) Ki be compact convex subsets of Hausdorff locally convex topological real 
vector spaces. 

A continuous afHne mapping r : Kq Ki will be said to be admissible if 

r (ex Kq) C ex Ki. 

If Kq is a compact convex subset of the compact convex set Ki then Kq will be 
said to be an admissible (compact convex) subset of Ki if the inclusion mapping 
i : Kq ^ Ki is admissible, i.e., 

ex Kq C ex Ki. 

3.1 Theorem. // the continuous affine mapping r : Kq — > Ki is admissible, then 
the inclusion r(ifo) ^ Ki is admissible. 

Proof. If xi G ex r(iCo), then there is an xq G ex Kq, such that r(xo) = xi. It 
follows that xi G ex Ki. □ 

3.2 Remark. The converse is not true. 

3.3 Theorem. Let Kq,Ki be compact convex sets and let r : Kq Ki be any 
admissible affine continuous mapping. Then f = r \ {ex Kq) is continuous, if ex 
Kq and ex Ki are endowed with the corresponding Choquet topologies. 
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Proof. Let F C ex Ki, he any C-closed subset. Then there exists a compact 
extremal subset F C Ki, such that 

F = Fr){ex Ki) . 

Since r~^{F) is a compact extremal subset of Kq, from the equality 

r-^ (F) n (ex Ko) = r'^ (f) 

we infer that f~^(F) is C-closed in ex Kq. □ 
Since r is continuous, it is obvious that 

B eBo{Ki)^r-^{B)€BoiKo). 

On the other hand, as above, we have 

FeJ" {Ki) r-^ [F) € F (Ko) . 

It follows that 

BeBi {Ki;C) => (B) G Bi {Ko; C) . 

From the formula 

f-^ {B n {ex Ki)) = r-^ {B) n {ex Kq) , 
holding for any subset B d K\, we infer that 

B£Bi {ex Ki; C) f-^{B) € Bi {ex Kq; C) . 
In particular, we have 

B G B{ex Ki;C)^ f-^{B) G B{ex Kq;C); 
i.e., f is Borel-Choquet measurable, as it follows from Theorem 22. 

Section 2. 

Let A C B{K) be any a-algebra of Borel subsets of the compact convex set K. A 
Radon probability measure ji oia. K will be said to be ^-pseudoconcentrated on ex 
K if 

(*) AeA,Ar\ {ex K) = $^ fi{A) = 0. 
It is easy to see that condition (*) is equivalent to 

(**) (/X I A)* {ex K) = 1, 

and, therefore, one can define correctly a probability measure /i : „4 — > [0, 1] by 

p,{A n {ex K)) = fi{A), AeA, 

on the cr-algebra A of subsets of ex K, given by 

A = {An{ex K);AeA}. 

we can prove now 
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3.4 Theorem. Let fiQ be a Radon probability measure on the compact convex set 
Kq, and assume that it is Bi{Ko; C)-pseudoconcentrated on ex Kq. Let r : Kq Ki 
be an admissible continuous ajfine mapping of Kq into the compact convex set Ki . 
Then /xi = r*(/Lto) is Bi(Ki; C)-pseudoconcentrated on ex Ki and jli = r*{ilo). 

Proof. Let M € Bi{Ki;C) be such that M n [ex Ki) = 0. Then r-^(M) G 
Bi{Ko; C) and r-^(M) n {ex Kq) = 0. It follows that 

Aii(M) = r^fio) = i^o{r-\M)) = 0. 

We also have that 

/ii(M n (ex Ki)) = iii{M) = ^Q{r'\M)) = fio{r-\M) n {ex Kq)) 
= flo{r-\M n {ex Ki))) = n{flo){M n {ex Ki)), 

for any M £ Bi{Ki : C). □ 

With the above notations we have the following: 

3.5 Corollary. Let fiQ be any maximal Radon probability measure on Kq. Then 
f*{l^o) is Bi{Ki\C)-pseudoconcentrated on ex Ki. 

Section 3. 

For any mapping r : Kq — >■ Ki we shall denote by r(r) its graph, given by 

r(r) = {{x,r{x)y,x € Kq} C Kq x K^ 

We shall also denote by pQ : Kq x Ki Kq the canonical projection onto the first 
factor, and by pi : Kq x Ki ^ Ki the canoncial projection onto the second factor. 
It is obvious that Kq x is a compact convex subset of the Hausdorff locally 
convex topological real vector space Eq x Ei, if Ki is a compact convex subset of 
the Hausdorff locally convex topological real vector space Ei, i = 0,1. 

3.6 Theorem. Let Kq and Ki be compact convex sets. Then 

a) ex {Kq X Ki) = {ex Kq) x {ex Ki); 

b ) The projections po : Kq x Ki ^ Kq and pi : Kq x Ki ^ Ki are admissible; 

c) A continuous affine mapping 

r:KQ^Ki 

is admissible if, and only if, the inclusion r(r) C Kq x Ki is admissible. 

Proof, a) Immediate. 

b) Follows from a) immediately. 

c) Follows immediately from a) and from the fact that pq \ T{r) : r(r) — >■ Kq is 
an affine homeomorphism. □ 

We have the following: 

3.7 Corollary. Ifr : Kq — >• Ki is any continuous affine mapping, then the following 
are equivalent. 

a) r is admissible, 

b) ex T{r) = {V{r)) fl {ex{KQ x K-Cj), and also 
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3.8 Corollary. The identity mapping 

I : ex{Ko x Ki) (ex Kq) x (ex Ki), 

as determined by Theorem 24, a), is continuous if all three spaces are equipped with 
the corresponding Choquet topologies. 

The following theorem describes the structure of the compact extremal subsets 
of the direct product Kq x Ki of two compact convex sets Kq and Ki . 

3.9 Theorem, a) If F c Kq x Ki is a (compact) face, then po{F) C Kq and 
Pi(-F) C Ki are (compact) faces in the corresponding compact convex sets, and 
F = pQ{F)xpi{F). 

b) If Fq C Kq and Fi C Ki are (compact) faces in the corresponding compact 
convex sets, then Fq x Fi is a (compact) face in Kq x Ki. 

c) If F C Kq X Ki is a (compact) extremal subset, then there exist two families 
{F^)a£i and {F^)aei of (compact) faces, in the corresponding compact convex sets 
Kq and Ki (i.e., F^ C Kq and F^ C Ki are (compact) faces, a E I), such that 
F = [j{F^xF^). 

a 

d) If F^ C Kq, F^ C Ki, a E I, are any two families of faces of the corre- 
sponding compact convex sets, over the same set of indices, then [j{F^ x F^) is an 

a 

extremal subset of Kq x Ki . 

Proof, a) Let F C Kq x Ki be any face. Then Pq{F) is a face of Kq and pi{F) 
is a face of Ki. Indeed, it is obvious that they are convex subsets of Kq, respectively 
Ki. Let us prove that Pq{F) is a face of Kq. Indeed, let xq € Po{F) and assume 
that 

xq = txQ + (1 - t)xQ, C t C 1, Xq, Xq e Kq. 
Then there exists an xi E Ki, such that 

(xo,xi) G F. 

Since {xq,xi) = t{xQ,xi) + (1 — t){xQ, xi), it follows that (xg, xi) G F and (xq, xi) G 
F. This implies now that Xq, Xq G pq(F). 

It is obvious that F C Pq{F) x pi{F). Let now (xo,xi) G Pq{F) x pi{F). Then 
there exist x\ G Ki and x'qE Kq, such that (xq, x\) E F and (xq, xi) G F. Since F 
is convex, it follows that 

^ [{xQ,x[) + {x'q,xi)] eF. 

Since ^ ^ 

- [{xq,x[) + (x(j,xi)] = - [(xo,xi) + {x'q,x[)] , 

we infer that (xo,xi) G F. 

b) If Fq C Kq and Fi C Ki are (compact) faces in Kq, respectively Ki, then 
Po (-^o) = Fq X Ki and (Fi) = Kq x Fi arc (compact) extremal convex subsets 
of Kq X Ki; i.e., they are (compact) faces of Kq x Ki. It follows that 

FqxFi =p^\Fo)npj\Fi) 

is a (compact) face of KoXi- 
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c) Let F C Kq X Ki be any (compact) extremal subset of Kq x K^. As remarked 
by Baity (see [3], p. 298), and the result can be obtained as a nice exercise in 
elementary geometry, any extremal subset of a convex set is a union of faces (the 
converse is easily shown to be true). Also, as remarked by Teleman (see [24]), any 
compact extremal subset of a compact convex set is a union of compact faces. 

Let then F = \^Fahe such a decomposition, where F^ is a face of Kq x K\, for 

a 

any a £ L If F is compact, one can assume that all the sets F^, a & I, are compact 
faces. Denoting F^ = po{Fa), F^ = pi(-F„), a G /, by a) we have 

a 

d) This follows from b) and from the fact that any union of extremal sets is an 
extremal set. □ 

3.10 Corollary. For any (compact) extremal subset F C Kq x Ki, the subsets 
Po{F) C Kq and pi{F) C Ki are (compact) extremal subsets of the corresponding 
compact convex sets. 

Proof. By part c) of the above Theorem, we have 

Po(F) = U^aandpi {F) = \jF^, 

a a 

and the assertion immediately follows. □ 

3.11 Corollary. The canonical projections 

Po : ex {Kq x Ki) ^ ex Kq 

and 

pi : ex {Kq X Ki) ^ ex Ki 
are continuous and closed for the corresponding Choquet topologies. 

Proof. The continuity was already established (Theorem 22 and Theorem 24, 
b)). Let now F C ex {Kq x Ki) be any C-closcd subset. Then there exists a 
(smallest) compact extremal subset F C Kq x Ki, such that Fdex {Kq x Ki) = F . 
By Theorem 25, it follows that 

F = [j{F'aXFl), 

a 

where F^ C Kq and F\ (Z K\, a £ I , are compact faces. We have that 

pq{f) = \]fIp^{f) = \]fI 

a a 

which are compact extremal subsets of Kq, respectively K\, and, therefore, 

PQ (f) = pQ {F) n {ex Kq) , 

pi (f) = pi {F) n {ex Ki) , 
are C-closed subsets of ex Kq, respectively ex Ki. □ 
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Section 4 

We shall now assume that r : Kq ^ Ki is an admissible continuous affine mapping. 

We shall denote by p the inclusion of T (r) in Kq x Ki , which is an admissible 
continuous affine mapping p : r(r) — > Kq x Ki, and we shall also consider the 
mapping R : Kq ^ r(r), given by R{xo) = {xo,r (xq)), xq G Kq. Then R is an 
affine homeomorphism of Kq onto T (r). The mapping R : ex Kq ^ T {-r), given by 
i?(a;o) = {xo,r{xQ)), xq G ex Kq, is a bijection of ex Kq onto 

r(f) = ex r(r) = r(r) n ex{KQ X i^i). 

The set r(r) is compact and convex (affinely and homeomorphically isomorphic 
with Kq), and as such the set 

ex r(r) = r(f) 

is endowed with its Choquet topology, inherited from T{r). It is obvious that the 
mapping i? is a homeomorphism of ex Kq, endowed with the Choquet topology 
inherited from Kq, onto T{f), endowed with the Choquet topology inherited from 
r(r). However, wc can also consider on r(r) the topology induced by the Choquet 
topology of ex{KQ x Ki), inherited from Kq x Ki. 

3.12 Theorem, a) For any (compact) extremal subset F C Kq x Ki, decomposed 
as a union 

F = U(F0 X F'J 

a 

of direct products of (compact) faces F^ C Kq, F^ G Ki, a E A, in the correspond- 
ing compact convex sets, the set 

FQ = [jiF^nr-\F^)) 

a 

is a (compact) extremal subset of Kq and 

(*) Fnr(r) = i?(Fo). 

b) For any (compact) extremal subset Fq ofT(r), the set p^^ {pq{Fq)) is a (com- 
pact) extremal subset of Kq x Ki and 

(**) FQ = r{r)np^\pQ{FQ)). 

Proof, a) Since r''^{F^) is a (compact) face of Kq, for any a G /, it follows 
that 

F>r-\F'J 

is a (compact) face of Kq, for any a € A. It follows that Fq is an extremal subset 
of i^o. 

Let us now assume that F is compact; we shall prove that Fq is compact. 
Indeed, let {x^)i be a generalized sequence in Kq, such that 

nr-\F^,), iel, 

and limx^ = xq. Then r(x^) G F^., i € I, and limr(a;?) = r{xQ). We have 

(ar°,r(x°))GF° xF^icF, 
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and this implies that {xq, r{xQ)) € F, by the compactness of F. It fohows that there 
exists an ao G A, such that {xo,r{xo)) G F^^^ x F^^; hence, 

xoeF^^nr-\F^JcFo. 

Let us now prove equahty (*). Indeed, any (xo,xi) G R{Fq) is of the form xi = 
r(xo), xo G Fq. This shows that there exists an a G ^, such that xq G F^r\r~^{F^). 
It follows that R{xo) = (xq, r{xo)) G F n T{r). 

Conversely, for any (xo,r(xo)) G F fl r(r), we have an a G A, such that 
(a;o,r(xo)) G Fj^xF^. This shows that xq G F°nr-^(F^) C Fq. Then (a;o,r(a;o)) = 
R{xo) G ii(Fo). 

b) This immediately follows from the fact that po \ r(r) is an affine homeomor- 
phic isomorphism between T{r) and Kq. □ 

3.13 Corollary, a) The topology induced onT{f) by the Choquet topology ofex{KoX 
Ki), inherited from Kq x Ki, coincides with the Choquet topology ofT{r), inherited 
from r(r). 

b) The restriction pQ \ T{f) is a homeomorphism, from the space T{f), equipped 
with the topology induced by the Choquet topology of cx^Kq x Ki), inherited from 
Kg X Ki, onto the space ex Kq, equipped with the Choquet topology inherited from 
Ko. 

c) The mapping R : ex Kq ex{KQ x Ki) is a homeomorphism from the 
space ex Kq, endowed with the Choquet topology, inherited from Kq, into the space 
ex{KQ X Ki), endowed with the Choquet topology inherited from Kq x Ki. 

Proof. It is an immediate consequence of the preceding Theorem. □ 
We also have the following. 

3.14 Corollary. The a-algebra B{T{r); C) of all Borel measurable subsets ofV{f), 
endowed with the Choquet topology ofV{f), inherited from T{r), coincides with the 
a-algebra of all traces on T{f) of the Borel measurable subsets of cx^Kq x K\), 
generated by the Choquet topology of cx^Kq x Ki); i.e., 

B{T{f); C) = |5 n T{f);B G B{ex{KQ x Ki);C)^ . 

Proof. By the preceding Corollary, part a), r(f) is a subspace of ex{Ko x Ki). 

□ 

3.15 Remark. 1) R = {po \ T{f))-'^ and R = {pq \ r{r))~^. 

2) If r(f) would be a C-closed subset of ex{KQ x Ki), then it would be easy to 
prove now that for any maximal Radon probability measure /xq on Kq, the measure 
/J, = i2*(/zo), which is supported by r(r) and is maximal on r(r), is also maximal 
on Kq X Ki. Since 

nifj-o) = (pi)*{p*iR*{iJ'o))), 

this would give an easier proof for the maximality of r*(//o) on Ki (see Theorem 
28 below). 

Unfortunately, in general, r(f) is not a C-closed subset of ex{KQ x Ki) and so 
the following, more difficult proof seems to be unavoidable. 

3.16 Theorem. Let r : Kq Ki be an admissible continuous affine mapping and 
let jjL be a maximal Radon probability measure on Kq . Then the measure 

f,{fiQ) I B{ex Ki;C) 

is T-smooth. 
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Proof. Let {F^)a^A be a decreasing set of C-closed subsets of ex Ki. Let C 
Ki be the smallest compact extremal subset of Ki, such that fl (ex Ki) = F^, 
a € A. Then iF^)^ is a decreasing set of compact extremal subsets of Ki, and we 
have, therefore, 

n(/xo)(n^i) = inf {r.(/xo)(Fi);a G ^} , 

a 

which implies that 

f.(/xo)(n^a) = r4f^o){f]F^) = inf {r.(/xo)(Fc[);« e ^} = inf {f.(/xo)(Fi); a G ^} , 

a a 

by Theorem 5. □ 

3.17 Theorem. Let Kq and Ki be any compact convex sets and let 

Po : Kq X Ki ^ Kq, Pi : Kq X Ki ^ Ki 

he the canonical projections. For any maximal Radon probability measure v on 
Kq X Ki, the measure {po)*{i^) is maximal on Kq and is maximal on Ki. 

Proof. Let (p G S{Kq). Then we have 

(p o pq = {if o pq) , on KqX Ki. 

Indeed, since o pQ < (p opQ and since (p op^ is concave and upper semicontinuous 
on KqX Ki, it follows that 

(1) i^Opo) <(pOpQ. 

Let now (xo,.xi) e Kq x Ki and e > be given. Then there exists a measure 
/J-o G M\.{Ko), such that 

(1/) (p{xo) - £< Ho{ip) 

and 5(//o) = xq. Let ji € M.\{Kq x Ki) be such that 

(Po)*(/^) = M and = (a;o,a;i). 

It follows that 

(2) IJio{^) = h{^opq) <{ipopQ) {xQ,xi). 
Prom (1/) and (2) we infer that 

(3) (i^ opo)(xo,.xi) < (99 opo) {xo,xi), 

for any {xq,x\) e Kq x Ki. From (1) and (3) we get that 

(p o pq = {(p o po) , on Kq X Ki. 

We now have 

{Po)*i^){^) = T^ifoPo) = J^iifoPo) ) = ^i'PoPo) = iPo)*i^){^), 

for any (p G S{Kq); this proves the maximality of {po)*{i'). 
Similar proof for {pi)^{u). □ 
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Section 5. 

Let fj,o be any maximal Radon probablity measure on Kq and define 

where R : Kq r(r) is tlie mapping given by R{xo) = (.xq, r(xo)), xq G Kq. 

As above, let p : r(r) KqX Ki be the inclusion mapping. We shall prove that 
/9*(/x) is maximal on Kq x Ki. From Theorem 28 it will follow that 

is maximal on Ki. 

_ c 

For any subset M C ex{KQ x Ki) wc shall denote by M its closure in cx^Kq x 
Ki), with respect to the Choquet topology, inherited from Kq x Ki. 
We note that we have 

(*) r(r) n ex{Ko x Ki) = ex r(r) = r(f); 
(J 

we shall consider the C-closcd subset r(f) of cx^Kq x Ki), and the admissible 
inclusion mapping p : T(r) ^ Kq x Ki, whose restriction to r(f) will be denoted 
by p: 

p = p\ r(f) : r(f) ex{Ko x Ki). 
Of course, p is the inclusion 

r(f) = r(r) n (ea;(i^o x Ki)) C ex(i^o x i^i). 

We distinguish between 

1. the measure fi, induced on Bi{ex r(r);C) by p, which is maximal on r(r), 

and 

2. the measure p*{fi), for which 

P^pKB) = pir{f)nB),B e Bi{ex{KQ X 
We shall prove now 

3.18 Theorem. Let {Ma)a be a family of (relatively) C -closed subsets o/r(f), such 
that 

a 

Then, for their closures in ex{KQ x Ki), we have 

a 

Proof. For any a there is a smallest compact extremal subset C r(r), such 
that 

Ma = Man r(f) = MaH ex{KQ X Ki), Va G A. 

Since pq \ T{r) is an affine homeomorphism of r(r) onto Kq, we have that po(-^a) 
is a compact extremal subset of Kq and 

f]pQ{Ma) = $. 
a 
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It follows that po{Ma) x i^i is a compact extremal subset of Kq x Ki, such that 

Ma = {po{Ma) X Ki) n r(r), Va G A, 

and 

f|(po(M«) X K^) = 0. 

a 

Let Fq, be the smallest compact extremal subset of Kq x Ki, such that Mq C Fq,; 
of course, we have 

FaCpo{Ma) X Ki, Va G ^, 

and, therefore, 

a 

On the other hand, it is easy to show that 

n ex{Ko X Ki) = (M^ n T{f))-^ = M^, Va G A. 

□ 

3.19 Corollary. Let (Ma)a a family of subsets ofT{f), whose clsoures in T{f) 
are disjoint 

r(f)n(f|Mj = 0. 

a 

Thenr\M^ = ^- 

a 

Proof. The closure of in r(f) is the set n r(f). □ 
Prom the formula 




which holds for any families {Ma)a and {Nfi)ii of subsets of r(f), we immediately 

(J 

infer that the set of all the subsets of V{f) , of the form 

a 

for all families (Mq)q, of subsets of r(f), is the set of all closed sets of a topology 
(J 

on r(f) , which we shall denote by r. Of course, r is coarser than the topology 
(J 

induced on T{r) by the Choquet topology of cx^Kq x Ki); therefore, 

B(r{^-,T)cB(r{Ff-,c). 
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Section 6. 

Let u be any maximal Radon probability measure on Kq x ifi, such that < f. 

We shall prove that /9*(/x) = v, which will establish the maximality of p*(/x) on 
Ko X Ki. 

Indeed, let Fi d Kqx Ki be the smallest compact extremal subset of KqX Ki, 
such that Fi D r(f). Then 



Fi n ex{Ko X Ki) = T{f) . 
Since p*(/x) < v, we infer that 

(1) p.{^i){F^)<u{F^). 

However 

pM{F^) = ^i{F^r^T{r)) 
and, since Fi n r(r) is a compact extremal subset of r(r), such that 

Fi nr(r) D exr(r), 

we infer that 

(2) p,{^i){F^) = ^i{F^f^v{r)) = \. 

Prom (1) and (2) we get that 

K^i) = 1, 

and this shows that 

(3) p.mwf) = HWf) = ^- 

This formula will allow us to consider, from now on, that the measures p*(fi) and v 
(J 

are restricted to r(f) , i.e., we shall consider the "restrictions" 



~p.{~p):B{V{f) ;C)^[0,1] 

and 

i>:^(f(^^;C)^[0,l], 

which are probability measures. 
We have 

(*) hmF) < Hn 

^ Q 

for any C-closed subset F C r(f) . 

Q 

Prom Theorem 5 we infer that the measure v is regular on B(r(f) ; C). How- 
ever, property (*) does not ensure the regularity of p*{fi)- 

3.20 Example. Let X be a set whose cordinal is measurable, i.e., there exists a 
probability measure 

A:P(X)^{0,1}, 

such that A({X}) = 0, for any x G X. Endow X with the discrete topology and let 
Xq be the Aleksandrov compactification of X : 

Xo = XU{u;}, 
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where u ^ X, and the open sets of Xq are the subsets of X and the complements 
in Xq of the finite subsets of X. Define Aq : V{Xq) {0, 1} by 

Ao(B) = A(SnX), Ber{Xo), 

and let Ai be the Dirac measure at co. Then Ao(-F) < Ai(F), for any closed subset 
F C Xq, Xi is regular, but Aq is not regular. 



3.21 Theorem, a) p*{p.) \ B{T{f) ;t) is regular. 

(J 

b) The topology r on r(f) induces on r(f) the Choquet topology. 

C 



Proof, a) Let F c r(f) be a r-closed subset 

a 

where n r(f), a G A, and (relatively) C-closed subsets of r(f). We then have 

T{ff\F = U (T{ff^f\ 

and 

r(f) n (ix^'^Vf) = (J (r(f )\m,) , 

which is a (relatively) C-open subset of r(f). Since fi is regular by C-closcd subsets 
on r(f), given e > 0, there is a (relatively) C-closed subset Fq C r(f), such that 

i) C (J fr(0\iWa) and 



ii)/i(u(r(f)\Ma)^ - £</i(^o). 

It follows that 

Fon |^f|Ma^ =0, 
and, therefore, by Theorem 29, we get that 

We infer that 



l-p*(/x)(F)-£<p,(/i)(F^) 



and this shows that 

p*(/i)(C/) = sup|p*(F);F C r-closed| 



7^ 



for any r-open subset U C r(f) 

b) For any relatively C-closed subset Fq C r(f) we have 

F^nr(f) = Fo, 
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and for any r-closed subset F C r(f) , we have 

a 

where Fa C r(f) are relatively C-closed subsets of r(f), a € A. We infer that 

Fnr(f) = f|Fa, 

a 

which is a relatively C-closed subset of r(f). 

c) We infer that 

{b n r(f); BeB (r(^') ■,r] = B (r(f); C) . 

d) Let us now define A C B (T{r)^' ■,t^ to be the set of all sets B e B (t (f)'-' ; , 
such that 

p^{jj){B) = sup|(p)*(/x)(F);F C B, r-closed| 

and 

p,(/i)(C5) = sup|(p),(/i)(F);F C CS, r-closed} , 

(J 

where the complement is taken with respect to r(f) . 
Then 

^ (J ^ 

d') If F C r(f) is r-closed, then F e A; obvious. 

d") If v4 G .4, then CJi G A, obvious. 

oo 

d'") liAn^Ane N, then \J An^A. 

n=0 

(J 

Indeed, given e > 0, for any n G N, there is a r-closed subset F„ C r(f) , such 
that 



p4fl){An) - ^ < p*{p){Fn) 



and 
Then 

and, therefore. 



Fn C i„, n > 0. 

(oo \ / CXD \ OO 

Ijin \ u^«h= U (^-\^-) 
n=0 / \n=0 / n=0 

\n=0 / \n=0 / 

it follows that there exists an no G N, such that 

/ oo \ / no \ 

p*{f>) I U J " ^ < I U J ' 

and 



\n=G / \n=0 



no 

U C IJ An 



n=0 n=0 

■C 



is a r-closed subset of r(f) 
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On the other hand, for any n G N, there exists a r-closed subset of r(f) , 



such that 

and 
Then 

and, therefore, 
and 



Hn C Cin, n > 0. 

'' oo \ / oo \ oo 

\n=0 / \n=0 / n=0 

~p.{fi) ( fl CiJ - £ < ( n ] 

\n=0 / \n=0 / 



P C fl Ci„; 

n=0 n=0 



of course, P) iJ„ is a r-closed subset of r(f) . 

n=0 

(J 

It follows that ^ is a a-subalgebra of BiT{f) ;t), which contains all r-closed 
(J 

subsets of r(f) , and this shows that 

A = B{T{ff-T). 



It follows that p^{ii)\B{r{f) ; r) is regular by r-closed subsets and the Theorem 
is proved. □ 

Section 7. 

We shall consider now the following restrictions 



A = p*(A)\'B(r(f) ;r) 

and 

We can prove now 

3.22 Theorem, fi = C'. 

Proof. We remind (see [7], p. 36) that a 7r-system is any set V of subsets of a 
(J 

set O (of r(f) , in our case) such that 

(tt) a, B eV ^ AnB eV;neV. 

7-rC 



A A-system is any set £ of subsets of a set Q, (of T{r) , in our case), such that 
(A') neC; 

(A") A e C ^ [:a e C; 

oo 

(A'") An e jO, n > 0, and AmPi An = $ for m n ^ [j An e C. 

n=0 

Then (Dynkin's Theorem): 
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If P is a vr-system and if £ is a A-system, then V <Z C =^ ^{'P) C C (here (j{V) 

is the cj-algcbra generated by V). 

(J 

Let V be the set of ah r-closed subsets of r(f) and let C be the set 

C = {Be B(f(ff ; r); il{B) = i>{B)} . 

It is obvious that P is a 7r-system, and £ is a A-system. Let us prove the 
inclusion 

VcjC. 



Indeed, any r-closed subset F C r(f) is of the form 

a 

where C r(f) is a (relatively) C-closed subset of r(f). 

Since jl is regular on BiT^f); C), given e > 0, there exists a (relatively) C-closed 
subset Fq C r(f), such that 



and 



l-£< A ^n^") +/i(^o)- 



It follows that 



and 



1-£<P*(/X) f|Fj+p,(/x)(Fo) 



/5*(m)(Fo) < HFo) 
Since, according to Theorem 29, 



we infer that 

— C 



i>{Fo) + u(^f]K^=i>(^F'',U l^fl fI 



< 1. 



It follows that 

and this shows that 
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i.e., 




Prom Dynkin's Theorem we infer that 
and the Theorem is proved. □ 

3.23 Theorem. Let K be a compact convex set and let M C ex K. Let J^{M) be 
the smallest compact extremal subset of K, such that J^{M) D M. Then 

M = ex F{M) = F{M) n (ex K) 

(here M denotes the closure of M with respect to the Choquet topology of ex K). 

Proof. Since J^{M) is a compact extremal subset of K, such that F{M) D M, 
we have that 

ex F{M) = F{M) n (ex K) D M; 
since J^{M) n (ex K) is a C-closed subset of ex K, we infer that 

ex .F(M) D M*^. 

Conversely, since M is a C-closed subset of ex K, there exists a compact extremal 
subset F C K, such that 

Fr\{ex K) = M . 
It follows that F D M and, therefore, F D T{M). This imphes that 

M D F{M) n (ex K) = ex F{M), 
and the Theorem is proved. □ 

3.24 Theorem. Let K be a compact convex set and let ji be a maximal Radon 

probability measure on K. Let fi be the measure induced on Bi{ex K;C) and let 
if : ex K ^ M_l_ be a B\{ex K;C) -measurable function such that fL{(p) = 1. Let us 
define 

(*) fii{D) = fi{ipxD), yDeBo{K), 

and let us also denote by /xi the Radon probability measure on K, determined by jii, 
as given in (*). Then 

1) Hi is maximal on K, and 

2) ill = iffL. 

Proof, a) let yUg be a maximal Radon probability measure on such that 
Hi < HQ. Then we have 

fii{F) < fio{F), \/FeJ^c{K). 

For any D <E Bo{K) and any e > there exists a Dq e Bo{K) n T{K), such that 
Dq C D and ij.o{D\Dq) < e (see the Corollary to Theorem 4). It follows that 

il{{D n (ex K))\{Do n (ex K))) < e 
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and, therefore, 

= fi{{xD I (ex K))ip) 

= sup{/i((xDo I {ex K)}^);Do CD,Doe Bo{K) r\ Tc{K)} 
= sup{fii{Doy,Do CD, Doe Bo{K)nJ^c{K)} . 

Since we have 

f^i{Do) < MDo) < fio{D), 
for any Dq G Bo{K) D Tc{K), Dq C D,we infer that 

^il{D) < ^io{D), \fDeBo{K). 

This implies that //i = /iq and, therefore, jii is maximal. 

b) For any compact extremal subset F C K there exists a compact Baire mea- 
surable subset D C K, such that 

H^(F) = ni{D),n{F) = niD) and F C D. 

It follows that 

ili{F n {ex K)) = iii{F) = /XI (D) = il{{xD \ {ex K))ip) = il{{xF \ {ex K))ip). 
Since ft and /xi are regular on Bi{ex K; C), this implies that 

□ 

We shall denote fii = ipn, which makes sense, although (p is defined only on ex 
K. The following Theorem clarifies this situation. 

3.25 Theorem. Let ip : ex K ^ be a Bi{ex K;C) -measurable function, such 
that 

fi{if) = 1. 

Let ^ : K ^ M_)_ be a Bi{K;C) -measurable function, such that $ | {ex K) = ip. 
Then for any maximal Radon probability measure ji on K, we have that 

Proof. For any B G Bi{K; C) we have 
{^^x){Bf^{exK)) = = fx{^XB) = | ex K)xBn(ex k)) = Kv{xb \ {ex K))), 

and the Theorem is proved. □ 



3.26 Theorem. For any C-closed subset F C T{f), such that 

n ~p.{n){F) = v{F), 

if p^{jl){F) > 0, we have that 

(**) {h{jl){F)-^xp)tx < {u{F)-^xp)v. 



In particular, for any t-closed subset F C r(f) , such that > 0, relation 

(**) holds. 
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Proof. If F C r(f) is C-closed, then 

F{F) n (ex(Ko X Ki)) = F, 

where J- is the operator defined as above, for the compact convex set Kq x Ki. 
Since x-^^p^ is convex and upper semicontinuous on the set Kq x iCi , it follows that 
for any continuous convex function f : Kq x Ki ^ M_|_, the function 

is convex and upper semicontinuous. It follows that we have the inquality 

(1) < 

Since we have 

fi{T{F)) = /x(^(F)nr(f)) = = i>{F) = i>{T{F)n{ex{KoxK^))) = u{T{F)), 

where we have taken into account the assumption (*), by adding constants we infer 
that inequality (1) holds for any / G -5(^0 x Ki). Consegmently, if p*{jl){F) > 0, 
we have 

{fi{F{F))-'x^^p^)fi < {v{F{F))-^x^^p^)v. 

By taking into account Theorems 33 and 34, formula (**) is established. 

(J 

By Theorem 31, any r-closed subset F of cr(f) is a C-closed subset for which 
assumption (*) holds. The Theorem is proved. □ 

3.27 Remark. The assumption p^,{jl){F) > was used only in order to normalize the 
measures. The above proof shows that inequality (1) holds for any f-closed subset 

F C r(f) and any / G S{Kq x Ki). This remark will be used below. 



c 



he any B{T{r) -jt) -measurable function, such 



3.28 Theorem. Let (f : T{f) 
that = 1. Then 
a) i'{}p) = 1, and 
h) (ffi < ifv. 

Proof, a) Given a natural number n > 1, there exists a sequence of subsets 
Bk e B{r{ff;T), k>0, such that 



and 



i) [jBk=Wf ■,Bkn Bi = ^, for kj^ I, 



k=0 



where 



It follows that 



k=0 



1 tttt'^ 

< — , on Tir) , 
n 



C k 



Bk = <xe r(f) ; - < (p{x) < 



k + l 



n 



n 



1 

< - 

n 
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and 

' 1 
< -. 

n 



°° k 



n 

This immediately proves the equahty in a), if we take into account also Theorem 
31. 

b) For any fc > 0, there exists a r-closed subset C r(f) , such that C 

and jl{Bk\Fk) < ^■ 

It follows that for any / G S{Kq x Ki) we have 

oo 
k=0 

k=0 * fe=0 

oo oo 



< Mm<p - E f ^sj/) + E rMm^B, - ^rjf) 

k=0 k=0 

oo oo 

+ E|%^,/) = P*(/i)((v^-E^^sJ/ 

k=0 k=0 



oo oo 
k=l " " k=0 



oo 

+^((E ^XB,-v)f) + i^ivf) 
<|ll7L + ^(¥'/)> Vn>l. 

This immediately implies that 

p{^f) < H'pf), V/ G S{Ko X Ki), 
and, therefore, ip/j, < ipv. The Theorem is proved. □ 



3.29 Theorem. Let^pe C^{T{ff , B(r{f)^ ; t) , p,) . Thenip\ r(f) G /:^{r{r),B{r{rf -C), fl) 
and 

Jr(f) Jr(f) 



ir{f) Jr{f) 
Proof. By Theorem 30 we have that 



BeB{r{f) ;r) ^ 5nr(f) G B(r(f);C). 

We also have that 



fi{B) = p4ll){B) = ll{BnT{r)), BeB{T{r) ;t). 
The Theorem now follows immediately. □ 

Section 8 

Let us now define the mapping 



E:L{T{f-) ;^(r(f) ; C), -> L (r(f) ;^(r(f) ;T)i> 



to be the conditional expectation on (B(r(f) ;C)i>), given .B(r(f) ;r). 
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3.30 Theorem. We have that 

E{h) = h, p, — a.e. on r(f), 

for any h G A{Ko x Ki). 

Proof. By Theorem 36, for any 

such that jl{ip){= i'{(p)) = 1, we have if/j, < (pv, and this imphes that fi^'ipv. It 
follows that we have 

fii^h) = pMi^h) = Hvh) = HEi^h)) = Hv>E{h)) = fi{^E{h)) = fiii^ I r(f))(i?(/i) I (r(f))), 

for any h G A{Ko x Ki). We infer that 

E{h) = h, jl — a.e. on r(f), 

and the Theorem is proved. □ 

We can prove now the following result: 

3.31 Theorem. The measure p*{iJ-) is maximal on Kq x Ki. 

Proof, a) Wc shall prove that p^ip) = and the proof will be carried out with 
the help of the Cartier-Fell-Meyer Theorem. Namely, we shall prove that 

and this will imply that p*(/x) = ly hy the antisymmetry of the Choquet order 
relation. 

Let 1/ = 1^1 + 1^2 + ... + t'n be any decomposition of as a sum of positive Radon 
measures t'fe, 1 < A; < n. Then fj., suitably normed, is maximal on Kq x Ki and 
for the corresponding measures induced on Bi{ex{Ko x Ki);C), we have 

Z> = Z>1 + Z>2 + ... + i>n- 

Of course, all the measures are i>-absolutely continuous and, therefore, they are 

Q 

concentrated on r(r) . 
b) Let us define 

i>k = i>kB{T(¥);T), l<k<n, 
and also define the measures jlk, I < k < n, by the formula 

fik{B n r(r)) = h{B),B G B{W)^; r). 

The definition is correct, because the equality 

Binr(f) = ^2nr(f), 

for Bi,B2 G B{r{f);T), implies 

(5i A B2) n r(r) = 

and, therefore, 

= ii{{BiAB2) n r(f)) = fl{BiAB2) = u{BiAB2) = i>{BiAB2). 
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It follows that 

i>k{BiAB2) = 

and this implies that 

h{Bi) = £'k{B2), 1 <k <n. 
(J 

c) For any B e B{r{r) ; r) we have that 

n n 

J2 MB n r(f )) = MB) = KB) = fi{B) = fi{B n r(f)), 

k=l k=l 

and this shows that 

n 

(1) Yiik = ii- 

k=l 

It follows that the measures /ife, 1 < k < n, which are defined on 6(r(f); C), are 
regular and, moreover, 

Bo{T{f))cB{T{fy,C){jlk), l<k<n. 

The completion of flk then extends it to Bi{T{r)) and, with Theorem 11, we have 
maximal measures /x^ on r(r), which induce the measures jlk oii ^(f), 1 < A; < n. 
Prom (1) we infer that 

n 

k=l 

d) For any h G A{Ko x Ki) and any k, 1 < k < n, we have 

pM{h) = Mh I r(r)) = I r(f)) = iikiE{h) I r(f)) 

= h{E{h)) = Ukih) = Uk{h), 

where we used Theorem 38. 

This shows that p*ipk)~'^k, 1 < k < n. The Cartier-Fell-Meyer Theorem now 
implies that u < p*{p), and the Theorem is proved. □ 

We can prove now the main result of the paper. 

3.32 Theorem. Let r : Kq Ki he a continuous affine mapping. Then the 
following are equivalent: 

a) r is admissible; i.e., r{ex Kq) C ex Ki; 

b) for any maximal Radon probability measure /iq on Kq the direct image r*(/io) 
is maximal on Ki . 

Proof. a)=>b). Indeed, if //q is maximal on Kq, then = i?*(//o) is maximal 
on r(r). By Theorem 39 it follows that is maximal on Kq x Ki. Theorem 28 

now implies that the measure 

r*{l^o) = {pi)*{p*{lj)) 

is maximal on Ki. 

b)^a). Indeed, if xq € ex Kq, then the Dirac measure e^^y at xq is maximal on 
Kq. It follows that r^,{£x^^ = Sr{xo) is maximal on Ki and, by Bauer's Theorem, 
this implies that r(xo) S ex Ki. □ 

3.33 Remark. 1) A particular case of Theorem 40, when Kq and Ki are compact 
Choquet simplices, is established in ([27], Lemma, p. 87). 

2) The problem of establishing Theorem 40 in the general case is formulated 
implicitly in ([5], p. 108). 
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Section 9 

As an application, we obtain the following theorem. 

3.34 Theorem. Let r : Kq — )■ Ki be an admissible continuous ajfine mapping. 
Then the mapping f : ex Kq Ki is continuous if the spaces ex Kq and ex Ki are 
endowed with their maximal topologies. 

Proof. Let M d ex Ki be any M-closed subset. Then there exists an M- 
extremal compact subset M C Ki, such that 

M n {ex Ki) = M 

(one can take M = M ; i.e., the closure in Ki with respect to the original topology). 

a) The set r~^(M) is obviously compact and also M-extremal. Indeed, if /xq is 
any maximal Radon probability measure on Kq, such that 

6(/xo) e r-\M), 

then 

6(r*(Aio)) = r(6(Mo)) eM, 
and, since r*(/xo) is maximal on Ki, it follows that 

l = rM{M) = fio{r-\M)). 

This proves that r^^{M) is Af-extremal. 

b) Let us now remark that 

f-i(M) = r-^(M) n {ex Kq). 
This shows that r~^{M) is M-closed in ex Kq, and the Theorem is proved. □ 

3.35 Theorem. Let C C K be an admissible compact convex subset of the compact 
convex set K. Then, for any maximal Radon probability measure fx on K we have 

^{C) = ir{Cr\{ex K)). 

Proof. There exists a compact Baire measureable set D G Bo{K), such that 
C C and ii{C) = ii{D). 
It follows that 

Cn(ex K) ClDr\{ex K), 

and, therefore, 

(1) fi*{C n {ex K)) < il{D n {ex K)) = fi{D) = fi{C). 
Let now F C ex K he any C-closed subset of ex K, such that 

(2) FnC = 0. 

Then there exists a compact extremal subset F (Z K, such that F = F D {ex K). 
It follows that F n C = 0. Indeed, F n C is a compact extremal subset of C; if 
F n C 7^ 0, it follows that ^ ex{F n C) = F n {exC) = F n C n {ex K) = C n F, 
in contradiction to (2). 
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We infer that /x(C) + IJ.{F) < 1 and, therefore, 

m(f) = m(f)<i-MC). 

We infer that 

1 - /x*(C n {ex K)) = fi^iex K)\C) < 1 - n{C) 
and this shows that 

(3) n{C) < il*{Cr\{ex K)). 
Prom (1) and (3) we infer the required result. □ 

3.36 Theorem. Let r : Kq ^ Ki be an admissible continuous affine mapping 
and let C C Kq be an admissible compact convex subset of Kq. Then r{C) is an 
admissible compact convex subset of Ki . 

Proof. Let x\ G ex r{C). Then there exists an xq G ex C, such that xi = r{xo). 
It follows that Xq G ex Kq and, therefore, xi E ex Ki. □ 

3.37 Theorem, a) For any compact extremal subset F C Kq, the compact convex 

subset co{F) is admissible. 

b) For any admissible continuous affine mapping r : Kq — t- Ki, any com,pact 
extremal subset F C Kq and any maximal Radon probability measure ni on Ki, we 
have the following: 

i) cd{r{F)) n (ex Ki) = r{F) n (ex Ki) = r{F D (ex Kq)). 

a) co(r{F)) is an admissible compact convex subset of Ki. 
Hi) Hi{r{F)) = fii{cd{r{F))) = /iJ(r(F) n (ex Ki)). 

Proof, a) If xo € ex cd{F), then xq € F, by the Milman Converse Theorem. 
If Xo ^ ex Kq, then xq = txi + (1 — t)x2, with < t < 1 and xi / xq 7^ X2- It 
follows that xi, X2 G F, because F is extremal and, therefore, xi,X2 G cd{F), a 
contradiction. 

b) i) Let xi G cd{r{F)) D {ex Ki) = ex cd{r{F)); then there exists an xq G 
ex~cd{F), such that r(xo) = xi. It follows that xq G F, and, therefore, xi G r{F). 

If xi G r{F) n (ex Ki), then xi G ex cd{r{F)), and, therefore, there is an 
Xo G ex co(-P), such that r(xo) = Xi. It follows that xq G F fl (ex Kq) and, 
therefore, xi G r{F D {ex Ko)). 

ii) Since cd{r{F)) = r{cd{F)), the statement follows from part a) and Theorem 

43. 

iii) By parts i), ii) and Theorem 42, we have that 

^ii{cd{r{F))) = fil{r{F) n {ex Ki)). 

Since r{F) is compact, there is a Baire measurable set D G Bq{Ki), such that 
r{F) C D and m{r{F)) = ni{D). It follows that 

r{F) n (ex Ki) cDn {ex Ki), 

and 

(1) jll{r{F) n (ex Ki)) < fii{D n (ex K^)) =fi{D)= fi{rF)) . 
Since r{F) C co{r{F)), we infer that 

m(r(F))</xi(co(r(F))) 
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and we have 

/xi(co(r(F))) = /i*(co(r(F)) n {ex K^)) 

by Theorem 42 and 

co(r(F)) n {ex K{) = r{F) n (ex Kq), 
by part i). It follows that 

(2) ^i^{r{F))<^il{r{F)^^{exK^)). 

Prom (1) and (2) the desired result follows. The Theorem is proved. □ 
Theorem 43 shows, in particular, that the image of a face of a compact convex 
set by an admissible continuous affine mapping into another compact convex set is 
an admissible compact convex subset. In the next section we shall prove that any 
admissible compact convex subset can be obtained in this manner. 

4 Admissible concave upper semicontinuous 
functions 

In this section we shall study the admissible concave upper semicontinuous functions 
: iiT ^ [0, 1], which we shall define below, and we shall show that they have good 
integration properties with respect to the boundary measures. As above, here K 
will be any compact convex subset of a Hausdorff locally convex topological real 
vector space E. 

Section 1 

For any concave upper semicontinuous function ip : K ^ we shall consider its 
graph r (</?), defined by 

T{^p) = {{x, (p{xy, X e K} C K xR, 

and its subgraph s{ip), defined by 

s{ip) = {{x, t); X € k;0 < t < ip{x)} . 

Of course, s{ip) is a compact convex subset of x M. 

We define the projections p : 5(99) K and <^ : s{(p) ^ M by 

p{x,t)=x, {x,t)es{ip), 

<i{x,t) = t, {x,t) G s{(p). 
They are continuous affine mappings and q G A{s{ip)). 

4.1 Theorem, a) The graph T{ip) of if is an extremal Gr -subset of the subgraph 
s{(p). 

b) For any Radon probablility measure fi on K there exists a Radon probability 
measure v on s{ip), such that 

p*{iy) = n and u{r{(p)) = 1. 

Moreover, such a v is unique and it is a stable lifting of /x. 
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Proof, a) Let us consider the sets 

Tn = ^ix,t) G s{ip);ip{x) - i < i < (p{x) 

ioT n > 1. Prom the upper semicontinuity of ip it immediately follows that is 
open in s{ip), for any n > 1, and we have 



r(^) = f] r„. 



n=l 

Let us now prove that T{ip) is an extremal subset of s{ip). Indeed, let {xq, (p{xo)) G 
T{ip) and assume that 

{xq, ip{xo)) = t{xi,ti) + (1 - t){x2,t2), 

with 0<t<l, 0<ti< ip{xi), <t2 < ^{x2)- Then xq = txi + (1 — t)x2 and 

ip{xo) = tti + (1 - t)t2 < tip{xi) + (1 - t)ip{x2). 

Since f is concave, we have 

ip{xo) > tip{xi) + (1 - t)ip{x2). 

We immediately infer that ti = <^(xi), t2 = ^{x2)- 

b) Let be any Radon probability measure on K. Since (p is Borel measurable, 
by the Theorem of Lusin, we can find a sequence {Fk)k>o of mutually disjoint 



compact subsets of K, such that I |J = 1 J and (p \ is continuous, for any 
A; > 0. Let us define ^ : K ^ s{(p) by 

^{x) = {x, (p{x)), X e K. 

Then $ | is continuous, for any k >0. Define Uk = ^kixF^I^): k > 0, and 



k=0 

(convergence in norm). Then visa, Radon probability measure on s{ip) and i'{T{ip)) = 
1. 

c) For any compact subset M C T{ip) we have that 

viM) = v{p-\p{M)) n V{^)) = v{p-\p{M))) 
= p4u){p{M)) = fi{p{M)), 

and this establishes the uniqueness of u. Let us prove now that u e ex p^^{{l^})- 
Indeed, if = Xui = (1 — A)f2, where < A < 1 and ui,V2 G p^^{{fi}), we infer 
that 

1 = i^irip)) = Xu^{r{ip)) + (1 - A)^/2(r((^)), 

and this implies that ;/i(r((/?)) = ;/2(r(i/')) = 1. Since we have that = 
P*(z^2) = A^, the uniqueness property now implies that vi = v = i'2- It follows that 
u is a stable lifting of /x, by taking into account ([26], Theorem 12). The Theorem 
is proved. □ 
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4.2 Theorem. With the above notation, we have 

a) ex s{(p) C [{exK) x {0}] U T{ip) and 

b) [{ex K) X {0}] U [p-^{ex K) n T{ip)\ C ex s{ip). 

Proof, a) Let (x, i) € ex: s{ip) and assume that ^ '^{'■p)- Then < i < 

<p{x). If < then i = + 12), where < C t C ^2 < ¥5(2;) • It follows that 

{X,t) = ^ [{X,ti) + (X,t2)] , 

where 

{x,ti) , (x,i2) G s(v'), 

and 

{x,ti) / (x,t) / {x,t2) ; 

hence, ^ ex s{ip), contrary to the assumption. It follows that t = 0. If x ^ ex 

K, then x = ^{xi + X2), with xi,a;2 G K and x\^ x ^ X2- It follows that 

(X,0) = ^[(X1,0) + (X2,0)] 

and 

(xi, 0) 7^ (x, 0) ^ (X2, 0); (xi, 0)(X2, 0) G 

This shows that (x, 0) ^ ex s((/?), contrary to the assumption; hence, x G ex 
b) Let X G ex then (x, 0) G Assume that 

(X,0) = ^[(Xi,ti) + (x2,t2)], 

where xi, X2 G K and < ti < (^(xi), < t2 < ¥'(a^2)- It follows that x = ^(xi+X2), 
and this implies that xi = x = X2; also, wc have that = \{ti +^2), and, therefore, 
ti = = t2- This proves that (x,0) G ex s{if). Let now (x,<^(x)) G p~^{ex K). 
Then x € ex K. Assume that 

(X, (p{x)) = ^ [(Xi, ti) + (X2, t2)] , 

where xi,X2 G K, and < ii < </?(xi),0 <t2< ^{x2)- It follows that x = |(xi+X2) 
and ^ 

V{x) = -{ti+t2). 

We infer that xi = x = X2 and, therefore, 

ti = ip{x) = t2. 

This shows that (x, (^(x)) G ex s{ip). The Theorem is proved. □ 

4.3 Theorem. Let D C K be any compact subset. Then for the upper semicontin- 
uous concave hull xd of xd we have that 

s{xd) = CO {{K X {0}) U (co(L>) X {1}) . 
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Proof. Since K x {0} and co{D) x {1} are compact convex subsets of s (xd), 
the set 

S = co{{K X {0}) U {cd{D) X {1})) 

is a compact convex subset of s{x£)). Let us assume that there exists a point 
(xo,io) G s{xd), such that (xo,to) ^ S'. Then there exists a continuous hnear 
functional L : x M — M, such that 

L {x,t) < a C L{xq, to), V(x, t) G S. 

Since L has the form 

L{x,t) = l{x) + kt, 

where Z : £^ — ^ M is a continuous hnear functional on E and G M, we infer that 

(1) l{x) <aC (xo) + kto, Vx G K, 

and 

(2) /(x) = A; < a C l{xo) + Hq, Vx G cd{D). 
Prom (1) we get that 

l{xo) < a C l{xo) + Ho, 
and this implies that A; > 0. It follows that the continuous afHne function 

h = —{a — I) 

satisfies 

(!') 0</i(a;), xeK, 

and 

(2') 1 < h{x), X G co{D). 
This shows that xd <h on and, therefore xd <h. It follows that 

^0 < xd{xq) < h{xo), 

which implies that 

l{xo) + kto < a, 
and this is a contradiction. The Theorem is proved. □ 

4.4 Corollary. For any compact subset D G K, we have that xd = &co(D)- 
Proof. This is an immediate consequence of Theorem 47. □ 

4.5 Theorem. With the above notations we have that 

xd{x) = i <^ X E co{D). 

Proof. If xq G co{D), then (xq, 1) G s{xd) and this shows that 1 < xd{xo) < 1. 
Assume now that xd{xo) = 1. By the preceding Theorem we have 

(xo,l) = AK,1) + (1-A)(4',0), 

where A G [0, 1] and x'q G co(D). It follows that A = 1 and xq = G cd{D). □ 
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Section 2 

For any upper semicontinuous concave function : K — > [0, 1] , we shall denote 

Lo = Kx{0}c s{ipy, 
it is obvious that Lq is a compact face of s{ip). 

4.6 Lemma. For any {x,t) G s{(p) we have that 

XLo{x,t) = 1 t = 0. 

Proof. By Theorem 47, we have XLo{x,t) = 1 if, and only if, G co(Lo) = 

Lo. □ 

4.7 Theorem. Let ip : K ^ [0, 1] be an upper semicontinuous concave function, 
such that ip{x) > 0, for any x E ex K. Then, for any {x,t) G s{ip), we have that 

XLo{x,t) = 4» i = ip{x). 

Proof. By the Strict Minimum Principle (see [10]), we have 

ip{x) > 0, Vx G K. 

a) Assume that XLo{x,t) = 0, then t > 0. It follows that we have 

<t < (p{x), 

and this implies that 

ix,t) = (1 - -^)ix,0) + ^(x,^ix)). 

It follows that 

> XLoix,t)>{l ^)xLo{x,0) + ^--XLo{x,(p{x)) 

= 1 + -T~^-iLo{x, (p{x)), 

(p{x) <pix) 

and this gives 

t = ip{x). 

b) Assume now that t = (p{x). Since XLo{x,t) = 1 implies i = 0, we infer that 
XLo{x,ip{x)) < 1. By Theorem 47, we have that 

{{x,ip{x)),XLo{x,<f{x))) = A((a;i,0),l) + (1 - A)((xo, to), 0), 

where < A < 1 and xq, xi E K,0 < to < <^(xo). 
It follows that 

i) A = XLo{x,(p{x)), 

ii) X = Xxi + (1 — X)xo, 

iii) ip{x) = (1 - A)to- 

By the concavity of we infer that 

(p{x) > X(p{xi) + (1 - X)(pixQ) 
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and, therefore, from iii), we obtain that 

(1 - A)io > A</?(a;i) + (1 - A)</?(xo). 

It fohows that 

0>A^(xi) + (l-A)(99(xo)-to), 

and this imphes that 

Xip{xi) = 0. 

It follows that A = 0. □ 

4.8 Corollary. Let if : K ^ [0,1] be any upper semicontinuous concave function, 
such that (p{x) > 0, for any x E ex K. Then 

def 

a) s{xLo) = {{x,t) e s{ip);xLo{x,t) = XLo{x,t)} = Lq Li T{ip). 

h) For any maximal Radon probability measure v on s{ip) we have that 

u{Lo) + u{T{^)) = l. 

Proof. As above, by the Strict Minimum Principle, we have (p{x) > 0, for any 
X e K. It follows that Lq n r{ip) = 0. Statement a) now follows immediately from 
Theorem 49. 

b) Since u is maximal, we have u{s{xlo)) — ^- follows that u{Lo) + i/{T{ip)) = 
1. □ 

4.9 Theorem. Let ip : K ^ [0, 1] be any upper semicontinuous concave function 
and let u be any Radon probability measure on s{ip). Then we have the following 

a) ^(?) < p*{y){^); 

b) ^{c,) =p*{y){v) if, and only if, z^(r((^)) = 1. 

Proof. Let us consider the upper semicontinuous concave function $ : s{ip) — > 
[0, 1], given by 

^{x,t) = ip{x)-t, {x,t) e s{ip)\ 
i.e., ^ = if op — q. We have that 

< = v{ip op)- zy(^) = p4u){(p) - 

and this proves a). It follows that the equality in a) holds if, and only if, = 0, 
and this is equivalent to the equality h'{r{ip)) = 1. □ 

4.10 Theorem. Let if : K [0,1] be any upper semicontinuous concave function 
and let ji be any Radon probability measure on K. Then we have the following 
statements: 

a) For any Radon probability measure v on s{if), such that p*{i') = fJL, we have 
that < 

b) There exists a Radon probability measure v on s{ip), such that p^{iy) = and 
= Moreover, the measure v satisfying these conditions is unique. 

c) If the measure fi is maximal on K, then the unique measure v, determined 
in b), is maximal on s{ip). 

Proof, a) This follows immediately from Theorem 50, a). 

b) By Theorem 45, b), there exists a unique Radon probability measure v on 
s{ip), such that i^{T{ip)) = 1 and p*{i^) = pL. Theorem 50, b) gives now the desired 
result. 
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c) Let u be the Radon probability measure on s{ip), determined as in b). Let ui 
be a maximal Radon probability measure on s{ip), such that v < vi. Then we have 
that 

< 1^1 ($) < = and fi = < 

It follows that 

1^1 (r((^)) = 1 and p*{vi) = fx, 
and this implies that u = ui. □ 

4.11 Lemma. Let (p : K ^ [0,1] be any upper semicontinuous concave function. 
Then we have that 

s{xLo) C LoUT{ip). 

Proof. Assume that XLo{x,t) = XLo{x,t). Then we have either 

a) XLo{x,t) = XLQ{x,t) = 1, or 

b) XL„(x,t) = XL„(x,t) = 0. 

In case a) we infer that t = and, therefore, (x, t) € Lq. 
In case b), we have <t < (p{x) and, therefore, 

{x,t) = (1 - -^{x,0) + -J—{x,ip{x)). 

We infer that 

= XLa{x,t) > (1 ^)xLo(a;,0) + -^—-XLo{x,ip{x)) > 1 

It follows that 

t = ip{x) 

and this shows that {x,t) G ^{f)- □ 

4.12 Corollary. Let ip : K —?■ [0,1] be any upper semicontinuous concave function 
and let v be any maximal Radon probability measure on s[ip). Then v{LQ\JT{ip)) = 1. 

Proof. By Mokobodski's Theorem, we have that v{s{xlq)) = 1. □ 

Section 3 

An upper semicontinuous concave function ip : K ^ \fi,l\ will be said to be admis- 
sible if the continuous afiine mapping 

p : s{ip) — >■ K 

is admissible. Of course, this is equivalent to the condition that 

p{ex s{ip)) = ex K. 

4.13 Theorem. An upper semicontinuous concave function ip : K ^ [0,1] is ad- 
missible if, and only if, 

ex s{ip) = [{ex K) x {0}] U [p-^{ex K) n T{ip)] . 

Proof. This is an immediate consequence of Theorem 46. □ 
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4.14 Theorem. An upper semicontinuous concave function : if ^ [0, 1] is ad- 
missible if, and only if, 

(*) exT{ip) (lp-'^{ex K). 
Proof. First, let us remark that the inclusion (*) implies the equality 
(**) ex V{ip) = r((^) n p-^{ex K), 

and conversely. 

i) Let us first assume that (p is admissible. Since V{ip) is an extremal subset of 
s{(p), we have 

ex T{ip) = T{ip) n (ex s{ip)). 

We infer that 

(x, t) € ex T(ip) =^ t = (p{x) 

and 

(x, ip{x)) G ex s{(f). 

By Theorem 52, we have either 

a) (x,(/?(x)) G (ex K) x {0} , or 

b) (x, (p{x)) € p^^{ex K) n T{ip). 

In case a) we immediately infer that (x, i) G r((^) np~^(ex K). In case b), we 
infer that x E ex K and 

(x,i) = {x,(p{x)) G r((/j) np"^(ex K). 

ii) Conversely, assume that inclusion (*) holds. Let (x, t) G ex s{ip). By Theorem 
46, a), wc have either 

a/) (x, t) G (ex K) x {0} , or 

b/) i = 99(x). 

In case a'), we have 

(***) (x,t) G [(ex X {0}] U [p-^{ex K)nr{ip)] . 

In case b/), we obtain (x, i) G r((^) and, therefore, (x,t) G ex r((^). Prom (*) 
formula (***) obtains again. 

Prom Theorem 46 and Theorem 52 we now infer that </? is admissible. The 
Theorem is proved. □ 

4.15 Corollary. // 93 : ^ [0, 1] is an admissible upper semicontinuous concave 

def 

function, thenp{ex T{ip)) = ex K andp = p\{ex T{ip)\ is a C -continuous bijection 
between ex and ex K. 

We shall prove now 

4.16 Theorem. Let C G K be a compact convex subset. Then the following are 
equivalent: 

a) C is an admissible compact convex subset of K. 

b) xc is an admissible upper semicontinuous concave function on K. 
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Proof, a) =^ b). Let {x,t) € ex s{xc)- By Theorem 46, we have either 

i) X ex K , t = 0; and this implies that p{x, t) € ex K, or 

ii) t = xc{x). In this case, by Theorem 47, we infer that 

{x, t) = {x, xc)) = XixQ, 0) + (1 - A)(a;i, 1), 

where < A < 1 and Xi G C. It follows that A = or A = 1. In the first case, we 
have X = xi; therefore, we have that x E C and xc{x) = 1. It follows that x E. ex 
C and this implies that x E ex K, because C is assumed to be admissible in K. 
Indeed, if 

x = tx' + {\- t)x", x', x" eC,0 <t <1, 
then (x, 1) G ex s{xc) and 

(x,i) = t(.xM) + (i-t)(.xM), 

with (x', 1), {x" , 1) € s{xc), which leads to a contradiction, 
b) =^ a). Indeed, if x G ex C, then 

(x, 1) G ex s{xc) 

and, therefore, x E ex K. The Theorem is proved. □ 

4.17 Corollary, a) For any admissible compact convex subset C C K , we have that 

ex s{xc) = [{ex K) x {0}] U [p~^{ex K) n V{xc)\ ■ 

b ) For any compact extremal subset F C K , we have that 

ex s{xf) = [{ex K) x {0}] U [p~^{ex K) n V{xf)] ■ 

Proof, a) This is an immediate consequence of Theorems 52 and 54. 
b) This follows immediately from Theorem 44, a), from the Corollary to Theorem 
47 and from part a). □ 

4-18 Remark. According to ([23], Corollary to Proposition 1), we have that 

xm \ ex K = xm I ex K, 

for any compact subset M C K. This allows T{xc) and T{xf), in the preceding 
formulas, to be replaced respectively by T{xc) and r(xi?). 

4.19 Corollary. Any admissible compact convex subset C C K is the image, by an 
admissible continuous affine mapping, of a compact face of a compact convex set. 

Proof. Consider the admissible mapping 

p : s{xc) K 

and the compact face F C s{xc), given by 

F = Cx{l}. 

□ 
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Section 4 

As it is well known (see [21], p. ) there are examples of (non-metrizable) compact 
convex sets ET, such that for (some) maximal Radon probability measures fj, on K, 
we have that 

(supp fi) n [ex K) = 0. 
It follows that if we denote M = supp we have 

fJ-ixu) = 1 and xm \ ex K = 0, 
which shows that an equality of the form 

At(^M) = A(^m), 

using the boundary measure jl, which corresponds to /x, is impossible. Of course, 
such a phenomenon is impossible if K is mctrizablc. 

However, admissible upper semicontinuous concave functions can be integrated 
on the extreme boundary of K, as we shall show now. 

4.20 Theorem. Let K he any (non-empty) compact convex set and let ip : K ^ 
[0, 1] he any admissihle upper semicontinuous concave function. Let jj, he any maxi- 
mal Radon probahility measure on K, and let jl : B{ex K; C) [0, 1] he the regular 
prohahility measure induced hy /j, on ex K. Then there exists a stahle extension 

jl^ : B^{ex K) [0, 1] 

of jl to a a-algehra B^p{ex K) of suhsets of ex K, such that 
a) Bi{ex K;C) C B^{ex K); 

h) if \ ex K is B^{ex K)-measurahle, and 

Proof. Let u be the unique maximal Radon probability measure on s((p), such 
that p^,{ly) = jl and v{T{(p)) = 1 (see Theorems 45 and 51). 

def 

i) The set T{(p) = ex T{(p) is i>-measurable, and v{T{lp)) = 1. 

Indeed, since T{(p) is a Gj-subset of «(</?), and since u is maximal on s{ip), for 
any e > there exists a Baire measurable compact extremal subset D C s(</'), such 
that 

D C r(<^) and 1 - £ < v{D) 
(see [23], Theorem 2). It follows that 

0"^=^ Dn {ex s{ip)) C f ((/?) and 1 - e < P(Z)); 

of course, we have that D G Bi{ex s{ip);C). It follows that i>*(r(<^)) = 1, and this 
implies that T{ip) is i>-measurable and 

We then have that 

j'j^(p{x)d^{x) = ^{x)dp^{v){x) = j^^^^{ipop)dv 

= !ex s{^) = /f (^) ^d^- 
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Let us now consider the cr-algebra A of subsets of f (f/^), given by 
Then 

u{B n f ((^)) = u{B), B G Biisiif); C) 
and (pop is ,4-measurable. Let us define 

B^{ex K) = {B;BC ex K,p-^{B) G A} . 

Then B^{ex K) is a a-algebra of subsets of ex K, such that 

Bi{ex K-C) C B^{ex K), 

and /x<^ = J?*(t' I ^) is defined on S(^(ex K). Since we have that 

{{x e ex K;ip{x) < a}) = |(a;,t) G f((^);^(x,i) < a| , 

for any a G M, we infer that ip \ ex K is Bip{ex i^)-measurable. From 

jlip {{x G ex K; (p{x) G a}) = u {p^^ {{x G ex K;(p{x) < a})) 

= i>i^^{x,t) et{(p);<i{x,t) <a^^ Va G 



we infer that 

/ (p{x)diJ,ip{x) = / q{x,t)du{x,t), 

J ex K Jr{<fi) 



and this shows that 



/ ip{x)dfi{x) = / (p{x)dilip{'i 

Jk J ex K 



ii) Let us now show that stable extension of ji. Indeed, let B G B^{ex 

K). Then p^^^) = n V{ip), where 5i G -Bi(s(<^); C). Since is a stable lifting 
of there exists a. Bq ^ Bq{K), such that 

u {p-\Bq)/^B^) =0. 

It follows that 



= u {p-\Bo)ABi) = V ((p-i(5o)A5i) n f (yp)) 
= V (ip-^ (Bo) n f(v9)) A n f(v9))) 



P [p-^ {Bo n (ex i^)) Ap-^ 

1/ (p-i ((5o n (ex K)) AB) = fi^ {{Bo n {ex K))) As) , 

and Bo n {ex K) G ;Bi(ex ivT; C). The Theorem is proved. □ 

Problem. Does a "universal" cr-algebra A exist, which includes all cr-algebras 
B^p {ex K) and on which all boundary measures can be extended, so that formula c) 
should hold? 
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5 Background 



1. Most of the material included in sections I and II had a limited distribution 
as an INCREST Preprint (see [24]). 

2. The material presented in sections III and IV is more recent. Theorem 55 was 

communicated in May 1991 at the Canadian Operator Symposium. Theorem 
40 was communicated at the "Fifth Puerto Rico EPSCOR Annual Confer- 
ence," in February 1993. 

3. The author is now retired from the University of Puerto Rico, Rio Piedras, and 
can be reached at silviu.teleman@gmail.com. Comments and suggestions 
are welcome. 
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